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PROJECTIVE MANIFOLDS WHOSE TANGENT BUNDLE CONTAINS A
STRICTLY NEF SUBSHEAF
JIE LIU, WENHAO OU, AND XIAOKUI YANG
ABSTRACT. Suppose that X is a projective manifold whose tangent bundle TX
contains a locally free strictly nef subsheaf. We prove that X is isomorphic to a
projective bundle over a hyperbolic manifold. Moreover, if the fundamental group
pi1(X) is virtually abelian, then X is isomorphic to a projective space.
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1. INTRODUCTION
Since the seminal works of Mori and Siu-Yau on the solutions to Hartshorne
conjecture and Frankel conjecture ([Mor79], [SY80]), it becomes apparent that the
positivity of the tangent bundle of a complex projective manifold carries impor-
tant geometric information. In the past decades, many remarkable generaliza-
tions have been established. For instance, Mok classified compact Kähler mani-
fold with semipositive holomorphic bisectional curvature in [Mok88]. Initiated by
the fundamental works of Campana, Demailly, Peternell and Schneider ([CP91],
[DPS94], [Pet96]), the structure of projective manifolds with nef tangent bundles
is investigated by many mathematicians. The last building block to be under-
stood for such manifolds are Fano manifolds with nef tangent bundles. Cam-
pana and Peternell proposed in [CP91] the following conjecture, which is still
an important open problem: a Fano manifold with nef tangent bundle must be
a rational homogeneous space. It is proved for all Fano manifolds of dimension
at most five and has also been verified for certain special varieties. We refer to
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[CP91, CP93, Mok02, Hwa06, Pan13, Wat14, MOSC+15, Kan17, Li17] and the ref-
erences therein.
Recall that a line bundle L on a projective variety X is said to be strictly nef if
c1(L ) ·C > 0 for all complete curves C in X, and a vector bundleF is strictly nef if
its tautological line bundle OP(F )(1) is strictly nef. The definition of strict nefness
is quite natural and it is a notion of positivity which is stronger than nefness but
weaker than ampleness. The main difficulty to deal with it is that the strictly nef-
ness is not closed under exterior product. Actually, there existHermitian flat vector
bundles which are also strictly nef, and this phenomenen will be studied inten-
sively in this paper. Even though there are significant differences between strict
nefness and ampleness, we still expect that the strict nefness could play similar
roles as ampleness in many situations. Indeed, together with Li, the second and
third authors obtained the following theorem in [LOY19] which extends Mori’s
result.
Theorem 1.1. [LOY19, Theorem 1.4] Let X be an n-dimensional complex projective
manifold such that TX is strictly nef. Then X ∼= Pn.
Meanwhile, it is also known that the existence of positive subsheaves of the
tangent bundle already impose strong geometric restrictions on the ambient man-
ifold. For example, Andreatta and Wis´niewski achieved the following characteri-
zation of projective spaces.
Theorem 1.2. [AW01, Theorem] Let X be an n-dimensional complex projective mani-
fold. If there exists a rank r ample locally free subsheaf F of TX , then X ∼= Pn and either
F ∼= TPn or F ∼= OPn(1)⊕r.
When F is a line bundle, this theorem is settled byWahl in [Wah83] via the theory
of algebraic derivations in characteristic zero. In [CP98], Campana and Peternell
proved the theorem in the cases r > n− 2. Later, it is shown that the assumption
on the local freeness can be dropped, see [AKP08, Liu19].
In view of Theorem 1.1, it is natural to ask whether Theorem 1.2 still holds if
the subsheaf F is only assumed to be strictly nef. Unfortunately, Mumford con-
structed an example (see [Har70, Chapter I, Example 10.6]) which gives a negative
answer to this question. Indeed, for any smooth projective curve C of genus g > 2,
there exists a rank 2 Hermitian flat and strictly nef vector bundle E over C. Then
the relative tangent bundle TP(E )/C is a strictly nef subbundle of TP(E ) since it is
isomorphic to the line bundle OP(E )(2).
In this paper, we investigate the geometry of projective manifolds whose tan-
gent bundle contains a strictly nef subsheaf, and obtain the following structure
theorem, which is an extension of Theorem 1.2.
Theorem 1.3. Let X be a complex projective manifold. Assume that the tangent bundle
TX contains a locally free strictly nef subsheaf F of rank r > 0. Then X admits a Pd-
bundle structure ϕ : X → T for some integer d ≥ r. Furthermore T is a hyperbolic
projective manifold.
Here we recall that a single point is also considered to be hyperbolic in the sense
that every holomorphic map from C to it is a constant map. Indeed, we obtain in
Theorem 8.1 a more concrete description on the structure of the subsheaf F , and
there are only two possibilities, which correspond to those of Theorem 1.2:
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(1) F ∼= TX/T and X is isomorphic to a flat projective bundle over T;
(2) F is a numerically projectively flat vector bundle and its restriction on every
fiber of ϕ is isomorphic to OPd (1)
⊕r.
When F is a line bundle, Druel obtained in [Dru04] that X is isomorphic to either
a projective space or a P1-bundle. However, when F has greater rank, there are
extra structures as shown in the second case above (see Example 5.10 for more
details). To classify these structures, different methods are needed and transcen-
dental tools are also crucially involved.
As an application of Theorem 1.3, we obtain a new characterization of projective
spaces.
Theorem 1.4. Let X be an n-dimensional complex projective manifold such that TX con-
tains a locally free strictly nef subsheaf F . If pi1(X) is virtually abelian, then X is isomor-
phic to Pn, and F is isomorphic to either TPn or OPn (1)⊕r.
By using Theorem 1.3 and [BKT13, Theorem 0.1], we get the existence of non-
zero symmetric differentials.
Corollary 1.5. Let X be an n-dimensional projective manifold whose tangent bundle con-
tains a locally free strictly nef subsheaf. If X is not isomorphic to Pn, then X has a non-zero
symmetric differential, i.e. H0(X, Symi ΩX) 6= 0 for some i > 0.
One of the important tools for the proof of Theorem 1.3 is the theory of numeri-
cally projectively flat vector bundles. The following criterion is a variant of [HP19,
Theorem 1.8], which is also the first step to understand the structures of projective
bundles induced by strictly nef subsheaves.
Theorem 1.6. Let X be an n-dimensional complex projective manifold and F be a re-
flexive coherent sheaf of rank r. Assume that there exists a Q-Cartier divisor class
δ ∈ N1(X)Q such that the Q-twisted coherent sheaf F<δ> is almost nef and that
(c1(F ) + rδ) · An−1 = 0
for some ample divisor A. Then F is locally free and numerically projectively flat.
It is known that numerically projectively flat vector bundles are extensions of
projectively Hermitian flat vector bundles. In this paper, we show that they are ac-
tually isomorphic to projectively flat vector bundles with compatible holomorphic
connections, and this structure is crucial in the proof of Theorem 1.3. We refer the
reader to [Sim92, Section 3] (see also [Den18]) for a similar result on numerically
flat vector bundles.
Theorem 1.7. Let X be a projective manifold and E be a numerically projectively flat
vector bundle on X. Then E is isomorphic to a projectively flat holomorphic vector bundle
F , i.e. there exists a projectively flat connection ∇ on F such that ∇0,1 = ∂¯F where
∇0,1 is the (0, 1)-part of∇.
The paper is organized as follows. After giving some elementary results
in Section 2, we recall the basics of Q-twisted sheaves in Section 3. We prove
Theorem 1.6 and Theorem 1.7 in Section 4. In Section 5, we study a special case
when X is of the form P(E ) and include some examples. Starting from Section 6,
we focus on the proof of Theorem 1.3 in the general setting. We first show that
the MRC fibration of X provides a Pd-bundle structure on a large open subset of
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X. Then we recall some results about degeneration of Pd in Section 7 and prove
in Section 8 that the Pd-bundle structure holds on entire X. Finally, in Section 9,
we show that the base T is hyperbolic, and complete the proof of Theorem 1.3,
Theorem 1.4 and Corollary 1.5.
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2. PRELIMINARIES
Throughout this paper, we work over C, the field of complex numbers. All
manifolds and varieties are supposed to be irreducible. The following statement
is a refined version of the negativity lemma (see [KM98, Lemma 3.39]).
Lemma 2.1. Let f : X → Y be a projective birational morphism between normal varieties
of dimension n > 2. Assume that D is a f -exceptional Q- Cartier Q-divisor which has
at least one positive coefficient. Then there is a family {Cγ}γ∈Γ of complete f -exceptional
curves such that Cγ · D < 0 for all γ ∈ Γ.
Furthermore, for any fixed subvariety W ⊆ X of codimension at least 2, and for any
fixed subvariety V ⊆ X of codimension at least 3, a general member C of {Cγ}γ∈Γ is not
contained in W, and is disjoint from V.
Proof. We first assume that n = 2. Let r : X′ → X be a desingularization and
D′ = r∗D. Set h = f ◦ r. Then as in the proof of [KM98, Lemma 3.41], there
is a component C′ of D′ with positive coefficient such that C′ · D′ < 0. Since
D′ is relatively numerically trivial over X′, we see that C′ is not r-exceptional.
Let C = r(C′). Then C is a component of D with positive coefficient such that
C · D < 0.
Next we study the general case. Let D1 be a component of D with positive
coefficient and let d = dim f (D1). We chose n− 2 hypersurfaces H1, . . . ,Hn−2 in
X such that Hi is the pullback of some general very ample divisor in Y for i ≤ d
and is a general very ample divisor in X for i > d. Let S be the surface cut out by
these hyperplanes. Then S is a normal surface. Let T be the normalization of f (S)
and denote by g : S→ T the natural morphism.
Let A be the cycle theoretic intersection of D and S. Since D is Q-Cartier, so is A.
We note that A has at least one positive coefficient. From the first paragraph, we
see that A is not g-nef, and there is a component Z of A with positive coefficient
such that Z · A < 0. Therefore, Z · D < 0. By deforming the hypersurfaces Hi,
we can deform the curve Z into a family {Cγ}γ∈Γ. The last assertion of the lemma
follows from the fact that every curve Cγ is contained in the complete intersection
of n− 2 base-point-free big divisors. 
Lemma 2.2. Let f : X → Y be a morphism between normal projective varieties. Let
C1 and C2 be two complete curves in Y and let C′1 and C
′
2 be two curves in X such that
f (C′i) = Ci for each i. If C
′
1 is numerically proportional to C
′
2 in X, then C1 is numerically
proportional to C2 in Y.
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Proof. By assumption, there exists a positive rational number r ∈ Q such that
C′1 ≡Q rC′2.
Denote by di the degree of the finite morphism f |C′i : C
′
i → Ci. Let L be a line
bundle on Y. By projection formula, we have, for each i,
c1( f
∗
L ) · C′i = dic1(L ) · Ci.
Combining with the first equation derives
c1(L ) · C1 = rd2d1 c1(L ) · C2.
As L is arbitrary, we conclude that C1 is numerically proportional to C2. 
Lemma 2.3. Let f : X → Y be a birational projective morphism between normal quasi-
projective varieties. Assume that Y is smooth. Let C be a complete curve in Y. Then there
is a complete irreducible and reduced curve C′ in X such that f |C′ : C′ → C is a birational
morphism.
Proof. By [Har77, II, Theorem 7.17], there exists a coherent sheaf of ideals I on
Y such that X is isomorphic to the blowing-up of X with respect to I . By Hi-
ronaka’s resolution theorem, there exists a finite sequence g : W → Y of blowups
with smooth center such that g∗I is invertible. In particular, by the univeral prop-
erty of blowing-up (see [Har77, II, Proposition 7.14]), g factors through f : X → Y.
Thus, by replacingX byW, wemay assume that f is the composition of a sequence
of blowups at smooth center. Using induction, we then reduce it to the case when
f is a blowup of smooth center Z ⊆ Y.
If C 6⊂ Z then we can take C′ to be the strict transform of C in X. Assume that
C ⊆ Z. We note that f is a projective bundle over Z. Hence if C is the normal-
ization of C, then C ×Y X is a projective bundle on C. Such a projective bundle
admits a section, whose image is D. Let C′ be the image of D in X. Then f |C′ is a
birational morphism onto C. 
3. POSITIVITY OF Q-TWISTED COHERENT SHEAVES
For readers’ convenience, we collect some basic properties on positivity of Q-
twisted coherent sheaves.
3.A. Nefness of Q-twisted coherent sheaves. Let F be a coherent sheaf on a va-
riety X. F is called a vector bundle if it is locally free. The singular locus Sing(F )
of F is the smallest closed subset of X such that F is locally free over X\Sing(F ).
We denote by rk(F ) the rank of F . The dual sheaf H omOX(F ,OX) is denoted
by F ∗ and the reflexive hull of F is the double dual F ∗∗. Given a morphism
γ : Y → X, we denote by γ[∗]F := (γ∗F )∗∗ the reflexive pullback. The m-th
reflexive symmetric power and q-th reflexive exterior product of F are
S[m]F := (Symm F )∗∗ and ∧[q]F := (∧qF )∗∗.
The determinant det(F ) ofF is defined as∧[r]F , where r = rk(F ). We denote by
N1(X)Q the finite-dimensional Q-vector space of numerical equivalence classes of
Q-Cartier divisors on X. If we assume moreover that a coherent sheaf F is locally
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free in codimension 1 and that det(F ) is Q-Cartier, then the first Chern class c1(F )
of F is defined as
c1(F ):=c1(det(F )) ∈ N1(X)Q
and the averaged first Chern class µ(F ) of F is given by
µ(F ):=
1
r
c1(F ) ∈ N1(X)Q.
The projectivization P(F ) is defined by P(F ) := Proj(Sym•F ). If F is a vector
bundle, then P(F ) is the projective bundle of hyperplanes in F . We denote by
OP(F )(1) the tautological line bundle on P(F ) and by ζF the tautological class
c1(OP(F )(1)) ∈ N1(P(F )).
Now we introduce formally Q-twisted coherent sheaves, which extends the no-
tion of Q-twisted vector bundles (see [Laz04b, § 6.2]).
Definition 3.1. (1) A Q-twisted coherent sheaf F<δ> on a projective variety X is an
ordered pair consisting of a coherent sheaf F on X, and a numerical equivalence class
δ ∈ N1(X)Q.
(2) A Q-twisted coherent sheafF<δ> on a projective variety X is called nef (resp. strictly
nef, ample) if
ζF + p
∗δ ∈ N1(P(F ))Q
is a nef (resp. strictly nef, ample) Q-Cartier divisor class where p : P(F )→ X is the
projection.
The following result is a Barton-Kleiman type criterion for Q-twisted coherent
sheaves (see also [Laz04b, Proposition 6.1.18] and [LOY19, Proposition 2.1]).
Proposition 3.2. Let F<δ> be a Q-twisted coherent sheaf over a projective variety X.
Then F<δ> is nef if and only if given any finite morphism ν : C → X from a smooth
complete curve C to X, and given any quotient line bundle L of ν∗F , one has
det(L ) + deg(ν∗δ) > 0 (3.1)
In particular, F<δ> is nef if and only if the restriction F<δ> |C is nef for any complete
curve C ⊆ X. The same criterion holds for strict nefness if the inequality in (3.1) is
replaced by the strict one.
Proof. Let p : P(F ) → X be the natural projection. Since ζF + p∗δ is p-relatively
ample, we only need to consider complete curves in P(F ) which are not con-
tracted by p. Let B be such a curve and C its normalization. We denote by
ν : C → X the morphism induced by the projection from P(F ) → X. Then ν is
a finite morphism. By [Gro61, (4.1.3) and Proposition 4.2.3], quotient line bundles
ν∗F → L correspond one-to-one to sections ϕ : C → P(ν∗F ) with the following
commutative diagram
P(ν∗F ) P(F )
C X
pi
p′ p
ν
ϕ
such that P(ν∗F ) = P(F )×X C, OP(ν∗F )(1) = pi∗OP(F )(1) and
L ∼= ϕ∗OP(ν∗F )(1) = ϕ∗pi∗OP(F )(1).
6
This implies deg(L ) + deg(ν∗δ) = B · (ζF + p∗δ), and we can conclude the crite-
rion for nefness. The proof for strict nefness is similar. 
As an application, one has the following useful criterion.
Corollary 3.3. Let C be an irreducible projective curve and F<δ> a nef (resp. strictly
nef) Q-twisted sheaf on C. If ϕ : F → Q is a morphism of coherent sheaves which is
generically surjective, then the Q-twisted sheaf Q<δ> is nef (resp. strictly nef).
Proof. Let ν : D→ C be a finite morphism from a smooth irreducible curve D to C
and let ν∗Q → L be a quotient line bundle. Since ϕ is generically surjective, the
composition ν∗F → ν∗Q → L is non-zero. Denote its image by L ′. Since L is
torsion free, so is L ′. Thus L ′ is a line bundle on the smooth curve D. If F<δ> is
nef (resp. strictly nef), then it follows from Proposition 3.2 that
deg(L ′) + deg(ν∗δ) > 0 (resp. > 0).
We note that deg(L ) > deg(L ′). By applying Proposition 3.2 again, we conclude
that Q<δ> is nef (resp. strictly nef). 
The following proposition shows that nef Q-twisted coherent sheaves are limits
of ample Q-twisted coherent sheaves.
Proposition 3.4. [Laz04b, Proposition 6.2.11] LetF<δ> be a Q-twisted coherent sheaf
over a projective variety X. Then F<δ> is nef if and only if F<δ + h> is ample for any
ample class h ∈ N1(X)Q.
Proof. By definition, if F <δ + h> is ample for every ample class h, then ζF +
p∗(δ + h) is ample. Hence ζF + p∗δ is nef. Assume conversely that F<δ> is nef.
Since ζF + p∗δ is p-ample, by [Gro61, Proposition 4.4.10], ε(ζF + p∗δ) + p∗h is
ample for 0 < ε ≪ 1. As ζF + p∗δ is nef, it follows that
ζF + p
∗δ + p∗h = (1− ε)(ζF + p∗δ) + ε(ζF + p∗δ) + p∗h
is ample by [Laz04a, Corollary 1.4.10]. 
Similarly, one has
Corollary 3.5. Let E <δ> and F<δ> be two nef Q-twisted sheaves on a projective
variety X. Then the tensor product (E ⊗F )<2δ> is nef. In particular, SmE<mδ> and
∧qE<qδ> are nef for all m > 1 and 1 6 q 6 rk(E ).
3.B. Almost nef Q-twisted coherent sheaves. For a strictly nef subsheaf of the
tangent bundle, its saturation is a priori not nef. We therefore consider a weaker
positivity. The following notion of almost nef line bundle was introduced in
[DPS01]. We extend this to the setting of Q-twisted sheaves.
Definition 3.6. Let F be a coherent sheaf on a projective variety X, and let δ ∈ N1(X)Q
be a Q-Cartier divisor class. The Q-twisted sheaf F<δ> is said to be almost nef, if there
is a countable family (Zi)i∈N of proper subvarieties of X such that F<δ> |C is nef for all
irreducible curves C 6⊂ ∪i∈NZi.
If F<δ> is almost nef, its negative locus S(F<δ>) is the smallest countable union of
closed subvarieties such that F<δ> |C is nef for all irreducible curves C 6⊂ S(F<δ>).
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Remark 3.7. By [DPS01, Proposition 3.3] and [BDPP13, Theorem 0.2], a Q-Cartier
divisor D on a projective manifold X is almost nef if and only if D is pseudo-
effective. However, we remark that in general the negative locus S(D) of D is a
proper subset of the non-nef locus B−(D) of D (e.g. [BDPP13, Remark 6.3]).
We collect some basic properties of Q-twisted almost nef coherent sheaves.
Proposition 3.8. Let δ ∈ N1(X)Q be a Q-Cartier divisor class on a projective variety X,
and let E , F and G be coherent sheaves on X.
(1) If E<δ> is almost nef and if σ : E → Q generically surjective, then Q<δ> is almost
nef. Moreover, S(Q<δ>) is contained in the union of S(E<δ>) and the support of
the torsion sheaf G /σ(G ).
(2) If E <δ> is almost nef, then S[m]E <mδ> and ∧[q]E <qδ> are almost nef for all
m, q > 0. Their negative loci are contained in the union of Sing(E ) and S(E<δ>).
(3) Let p : P(E )→ X be the natural projection. If ζE + p∗δ is almost nef and its negative
locus S(ζE + p∗δ) does not dominate X, then E<δ> is almost nef and S(E<δ>) is
contained in p(S(ζE + p∗δ)).
(4) Let 0→ F → E → Q → 0 be an exact sequence of coherent sheaves. If both F<δ>
and Q<δ> are almost nef, then E<δ> is almost nef and S(E<δ>) is contained in
S(F<δ>) ∪ S(Q<δ>).
Proof. For (1), let C ⊆ X be a complete curve such that C 6⊂ S(E < δ >) ∪
Supp(G /σ(G )). Then the induced morphism E |C → G |C is generically surjec-
tive and we conclude by Corollary 3.3 that G<δ> |C is nef. For (2), we only prove
the statement for S[m]E<mδ>, and the case of exterior power is similar. Let C ⊆ X
be a complete curve such that C 6⊂ Sing(E ) ∪ S(E<δ>). Then the induced mor-
phism (SmE )|C → (S[m]E )|C is generically surjective. Since symmetric powers
commute with pullbacks (see for instance [Har77, II, Exercise 5.16]), the following
morphism
Sm(E |C) = (SmE )|C → (S[m]E )|C
is generically surjective. As E<δ> |C is nef by assumption, we obtain by Corollary
3.5 and Corollary 3.3 that (S[m]E<mδ>)|C is nef. For (3), let C ⊆ X be a complete
curve not contained in p(S(ζE + p∗δ)). Then we have the following commutative
diagram
P(E |C) P(E )
C X
p′
j
p
i
such that
ζE |C + p
′∗(δ|C) = j∗(ζE + p∗δ).
This implies that ζE |C + p
′∗(δ|C) is nef, that is, E<δ> |C is nef. For (4), let ν : C→ X
be finite morphism from a smooth complete curve C to X such that ν(C) is not
contained in S(F<δ>) ∪ S(G<δ>). Then we have an exact sequence
ν∗F → ν∗E → ν∗G → 0.
Let ν∗E → L be a quotient line bundle. Then either the composition ν∗F →
ν∗E → L is not zero, or there exists a factorization ν∗E → ν∗G → L . Since both
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F<δ> |C and G<δ> |C are nef, by Corollary 3.3, we obtain that L<δ> |C is nef.
Hence, E<δ> |C is nef. 
4. PROJECTIVELY FLAT VECTOR BUNDLES
The notion of numerically flat vector bundle was firstly introduced in [DPS94,
Definition 1.7]. We can extend this to Q-twisted vector bundles as follows: a Q-
twisted vector bundle E <δ> is numerically flat if it is nef and it has trivial first
Chern class. We also introduce the following definition.
Definition 4.1. Let E be a vector bundle on a projective manifold X with projectivization
p : P(E ) → X. The normalized tautological class ΛE is defined as ζE − p∗µ(E ) ∈
N1(P(E ))Q. E is called numerically projectively flat if ΛE is nef.
Equivalently, a vector bundle E is numerically projectively flat if and only if the
Q-twisted vector bundle E<−µ(E )> is numerically flat.
4.A. Characterization of numerically projectively flat vector bundles. Recall
that a C∞ complex vector bundle E is called projectively flat if there exists an
affine connection ∇ such that its curvature ∇2 = α · idE for some complex 2-
form α. A holomorphic vector bundle E is projectively Hermitian flat if it ad-
mits a smooth Hermitian metric h such that its Chern curvature tensor R = ∇2
can be written as R = α · idE for some 2-form α. In particular, the associated
projectivized bundle P(E ) is given by a representation pi1(X) → PU(r) (see
[Nak04, Corollary 4.3]). The following theorem is derived from the study of stable
vector bundles and Einstein-Hermitian metrics by Narasimhan-Seshadri [NS65],
Mehta-Ramanathan [MR82, MR84], Donaldson [Don85], Uhlenbeck-Yau [UY86],
and Bando-Siu [BS94]. One can find a complete proof in [Nak04, IV, Theorem 4.1].
Theorem 4.2. Let E be a reflexive sheaf of rank r on a projective manifold X of dimension
n. Then the following assertions are equivalent.
(1) E is a numerically projectively flat vector bundle;
(2) E is semistable with respect to some ample divisor A and the following equality holds:(
c2(E )− r− 12r c
2
1(E )
)
· An−2 = 0;
(3) E is a vector bundle and there exists a filtration of subbundles
{0} = E0 ( E1 ( · · · ( Ep−1 ( Ep = E
such that Ei/Ei+1 are projectively Hermitian flat and that the averaged first Chern
classes µ(Ei/Ei−1) are all equal to µ(E ).
One can easily derive the following lemma from definition and Theorem 4.2.
Lemma 4.3. Let E be a numerically projectively flat vector bundle on a projective mani-
fold Y.
(1) If det(E ) is nef, then E is nef.
(2) If L is a line bundle on Y, then E ⊗L is numerically projectively flat.
(3) If f : X → Y is a morphism from a projective manifold X to Y, then f ∗E is numeri-
cally projectively flat.
(4) E ∗ is numerically projectively flat.
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In [HP19], Höring and Peternell characterized numerically flat vector bundles
by using almost nefness, instead of nefness in the original definition of [DPS94].
Here we quote their theorem in a special case and refer the readers to [HP19] for
the complete statement.
Theorem 4.4. [HP19, Theorem 1.8] Let X be an n-dimensional projective manifold. Let
F be an almost nef reflexive coherent sheaf on X such that c1(F ) · An−1 = 0 for some
ample divisor A on X. Then F is locally free and numerically flat.
Proof. According to [HP19, Theorem 1.8], there exists a finite cover γ : X˜ → X,
étale in codimension one, such that the reflexive pullback γ[∗]F is locally free and
numerically flat. Since X is smooth, γ is actually étale and γ∗F = γ[∗]F . Since γ
is étale, this implies that F itself is locally free and numerically flat. 
Before giving the proof of Theorem 1.6, we need the following elementary lemma.
Lemma 4.5. Let X be a projective manifold of dimension n > 2, and let F be a reflexive
sheaf of rank r > 2 on X. For any positive integer m > 2, we have
c2(S
[m]
F ) = Ac21(F ) + Bc2(F ), (4.1)
where A and B are non-zero rational numbers depending only on m and r, and satisfy
A+
r− 1
2r
B− (R− 1)Rm
2
2r2
= 0, (4.2)
where R = (r+m−1r ) is the rank of S
[m]F .
Proof. The existence of the expression (4.1) is clear and the splitting principle as-
serts that A and B depend only on m and r. To prove (4.2), it suffices to prove it for
some special F by the universal property of A and B.
Firstly we choose an ample line bundleL on X and letF = L ⊕r. Then SmF ⊗
L ∗⊗m is a trivial vector bundle. In particular, we have
c2(S
m
F ⊗L ∗⊗m) = 0.
By the formula of second Chern class of tensor products, we obtain that
c2(S
m
F ) + (R− 1)c1(SmF ) · (−m)c1(L ) +
(
R
2
)
m2c21(L ) = 0.
On the other hand, since F is numerically projectively flat, we have(
c2(F )− r− 12r c
2
1(F )
)
· An−2 = 0
for any ample divisor A. For c1(F ) = rc1(L ) and c1(SmF ) = Rmr c1(F ), one has(
A+
r− 1
2r
B+
(R− 1)Rm2
2r2
)
c21(F ) · An−2 = 0.
Since c1(F ) is ample, wemust have c21(F ) · An−2 6= 0. This shows that (4.2) holds.
To see that A and B are non-zero, we may consider the vector bundles
F ′ ∼= O⊕(r−1)X ⊕L and F ′′ ∼= O⊕(r−2)X ⊗L ∗ ⊕L .
Then c1(F ′) 6= 0, c2(F ′) 6= 0. A straightforward computation shows that
c2(Sm(F ′)) 6= 0 for m > 2. In particular, A is non-zero. Similarly, one can show B
is non-zero. 
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Proof of Theorem 1.6. Suppose C is a curve cut out by general elements in |kA| for
k≫ 0. Then C is disjoint from Sing(F ). In particular,F is locally free along C and
F<δ> |C is a Q-twisted nef vector bundle. Moreover, we have c1(F<δ> |C) = 0 as
(c1(F ) + rδ) · C = 0. This implies that F |C is semistable. By Mehta-Ramanathan
theorem, F is A-semistable.
Let m be a positive integer such that mδ is Cartier. Let L be a line bundle such
that c1(L ) = mδ. Since F<δ> is almost nef, so is E := S[m]F ⊗L by Proposition
3.8. On the other hand, we know
c1(E ) · An−1 =
(
Rm
r
c1(F ) + Rc1(L )
)
· An−1 = Rm
r
(c1(F ) + rδ) · An−1 = 0,
where R is the rank of S[m]F . Then we have c1(E ) = 0 since det(E ) is almost nef
(see [Pet94, Lemma 6.5]). In particular, δ = −µ(F ).
Moreover, by Theorem 4.4, E is locally free and numerically flat. In particular,
we have c2(E ) · Hn−2 = 0. As c1(F ) = −rδ, we have
c2(E ) = c2(S
[m]
F ) + (R− 1)c1(S[m]F ) · c1(L ) + R(R− 1)2 c
2
1(L )
= c2(S
[m]
F )− (R− 1)Rm
2
r2
c21(F ) +
(R− 1)Rm2
2r2
c21(F )
= c2(S
[m]
F )− (R− 1)Rm
2
2r2
c21(F ).
Then Lemma 4.5 yields(
c2(F )− r− 12r c
2
1(F )
)
· An−2 = 0.
Thanks to Theorem 4.2, we conclude that F is a numerically projectively flat vec-
tor bundle. 
4.B. Projectively flat connections. In this subsection, we prove Theorem 1.7 and
it can be deduced from the following theorem.
Theorem 4.6. Let (X,ω) be a compact Kähler manifold and E a holomorphic vector
bundle on X. Assume that there exists a filtration of subbundles
{0} = E0 ( E1 ( · · · ( Ep−1 ( Ep = E
such that Ei/Ei+1 are projectively Hermitian flat and that the averaged first Chern classes
µ(Ei/Ei−1) are all equal to µ(E ). Then E is isomorphic to a projectively flat holomorphic
vector bundle F , i.e. there exists a projectively flat connection ∇ on F such that∇0,1 =
∂¯F where ∇0,1 is the (0, 1)-part of∇.
It is well-known that an affine connection ∇ on a C∞ complex vector bundle Q
defines a holomorphic vector bundle structure on Q if (∇0,1)2 = 0 where ∇0,1 is
the (0, 1) part of ∇ (see e.g. [Kob14, Proposition 1.3.7]). If in addition (Q,∇) is
projectively flat, then the projective bundle P(Q) is induced by a representation of
the fundamental group pi1(X) in PGLr(C), where r is the rank of G . The strategy
of the proof of Theorem 4.6 is to construct a new holomorphic structure on Q,
where Q is the underlying C∞ complex vector bundle of the holomorphic vector
bundle E , and this new holomorphic structure is isomorphic to E . We recall some
elementary results.
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Lemma 4.7. Let (X,ω) a compact Kähler manifold and let E be a [ω]-stable vector bundle
of rank r on X. If E satisfies∫
X
(
(r− 1)c21(E )− 2rc2(E )
)
ωn−1 = 0, (4.3)
then there exists a smooth Hermitian metric hE on E with Chern connection∇E such that
the Chern curvature satisfies
RE = (∇E )2 = γ · hE ,
where γ is the unique harmonic representative of the average first Chern class 1r c1(E ) ∈
H1,1
∂¯
(X,C) with respect to the Kähler metric ω, i.e. ∂¯γ = ∂¯∗γ = 0.
Proof. Since E is [ω]-stable, by the Donaldson-Uhlenbeck-Yau theorem, there ex-
ists a smooth Hermitian-Einstein metric hE on E . That means ΛωRE = c · hE for
some constant c. By [Kob14, Theorem 4.4.7], the equality (4.3) implies that (E , h)
is projectively flat, that is RE = 1r η · hE for some smooth closed (1, 1)-form η. By
taking the trace of RE with respect to hE , we have
RdetE = −√−1∂∂¯ log(det hE ) = trhE RE = η.
This shows that class of η is equal to the first Chern class of E . Finally, since hE
is Hermitian-Einstein, we also have Λωη = rc. Hence ∂¯∗η = −
√−1[Λω, ∂]η = 0.
This implies that η is harmonic. The lemma then follows by setting γ = 1r η. 
Corollary 4.8. Let (X,ω) a compact Kähler manifold. Suppose E and F are [ω]-stable
vector bundles with
c1(E )
rank(E )
=
c1(F )
rank(F )
∈ H1,1
∂¯
(X,C) ∩ H2(X,Q). (4.4)
If both E and F satisfy the equality (4.3), then there exist Hermitian-Einstein metrics hE
and hF on E and F respectively, such that
RE = γ · hE , RF = γ · hF
where γ is the unique harmonic representative of the class of (4.4). In particular, the metric
on E ∗ ⊗F induced by hE and hF is Hermitian flat.
The following lemma reveals the relationship between isomorphism classes of
holomorphic structures and Dolbeault cohomology groups.
Lemma 4.9. Let F and G be two holomorphic vector bundles on a complex manifold X.
We denote by Q the underlying C∞ vector bundle of G ⊕F . Then there is a bijection
between the cohomology group H0,1
∂¯
(X,F ∗ ⊗ G ) and the set of isomorphism classes of
holomorphic vector bundle structure E on Q which realizes E as an extension 0→ G →
E → F → 0 of holomorphic vector bundles.
Proof. To define such a holomorphic structure onQ, it is equivalent to give a (0, 1)-
connection ∇0,1 on Q of the form
∇0,1 =
[
∂¯G η
0 ∂¯F
]
such that (∇0,1)2 = 0, where η ∈ A0,1(X,F ∗ ⊗ G ) is a smooth (0, 1)-form.
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Now we assume that η and η′ are two elements in A0,1(X,F ∗ ⊗ G ). Then they
induce isomorphic extension structures, E and E ′, on Q if and only if there is
some smooth form α ∈ A0(X,F ∗ ⊗ G ) such that η′ = η + ∂¯α. Moreover, the
corresponding isomorphism from E to E ′, as a smooth automorphism of Q, is
expressed as [
1G α
0 1F
]
.
This finishes the proof. 
In the next lemma, we prove Theorem 4.6 in a special case when E is an exten-
sion of two projectively Hermitian flat vector bundles.
Lemma 4.10. Let (X,ω) be a compact Kähler manifold and let
0→ G1 → E → G2 → 0
be an exact sequence of holomorphic vector bundles on X. Suppose that E is [ω]-semistable
and satisfies the equality (4.3), and that G1 and G2 are [ω]-stable with the same average
first Chern class. Let Q be the underlying C∞ vector bundle of G1 ⊕ G2. Then there exists
a projectively flat connection ∇F on Q such that it defines a holomorphic structure F
isomorphic to E .
Proof. It is easy to see that if E is [ω]-semistable and satisfies (4.3), then both G1
and G2 satisfy (4.3). By Corollary 4.8, there exist Hermitian-Einstein metrics hG1
and hG2 on G1 and G2 respectively, such that their Chern curvatures are given by
RG1 = γ · hG1 , RG2 = γ · hG2 ,
where γ is the unique harmonic representative of the average first Chern class
of G1. Let ∇G1 and ∇G2 be the Chern connections on (G1, hG1) and (G2, hG2) re-
spectively. Then the Chern curvature of (G ∗2 ⊗ G1, hG
∗
2 ⊗ hG1 ,∇G
∗
2 ⊗∇G1 ) satisfies
RG
∗
2 ⊗G1 = 0. The standard Bochner-Kodaira identity on G ∗2 ⊗ G1 shows the follow-
ing equalities on Laplacian operators on A•,•(X,G ∗2 ⊗ G1),
∆′′ = ∆′ +
√−1[RG ∗2 ⊗G1 ,Λω] = ∆′.
By partition of unity, there is a connection∇E on Q with (∇E )0,1 = ∂¯E of the form
∇E :=
[ ∇G1 β
0 ∇G2
]
.
By using the metrics ω, hG
∗
2 and hG1 , one has an isomorphism H1(X,G ∗2 ⊗ G1)) ∼=
H0,1
∂¯
(X,G ∗2 ⊗ G1). Let η ∈ A0,1(X,G ∗2 ⊗ G1) be the unique harmonic representative
of the class [β] ∈ H0,1
∂¯
(X,G ∗2 ⊗ G1). Then ∆′′η = 0. Since ∆′ = ∆′′, we deduce that
∇G ∗2 ⊗G1η = 0.
We define a connection ∇F on Q in the form
∇F :=
[ ∇G1 η
0 ∇G2
]
.
Then by Lemma 4.9, the connection ∇F defines a holomorphic structure F on Q
isomorphic to E . Moreover, we have
(∇F )2 = γ · (hG1 ⊕ hG2 ).
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Indeed, this is equivalent to ∇G1 ◦ η + η ◦ ∇G2 = ∇G ∗2 ⊗G1η = 0 and it follows by
the choice of η. This completes the proof of the lemma. 
The next statement addresses a generalization of the construction in Lemma 4.10.
Lemma 4.11. Let {(Gi, hGi ,∇i)}pi=1(p ≥ 2) be a collection of projectively Hermitian flat
vector bundles on a compact Kähler manifold (X,ω). Let Q be the underlying C∞ vector
bundle of
⊕p
i=1 Gi. Assume that there is a connection on Q of the form
∇Q1 =

∇1 θ1,2 · · · · · · θ1,p−1 β1,p
∇2 · · · · · · θ2,p−1 β2,p
. . . · · · ... ...
. . .
...
...
∇p−1 βp−1,p
0 ∇p

such that for each i < j, the (i, j) entry belongs to A0,1(X,G ∗j ⊗ Gi). Furthermore, we
assume that (∇Q1 )0,1)2 = 0 and that
∇1 θ1,2 · · · · · · θ1,p−1
∇2 · · · · · · θ2,p−1
. . . · · · ...
. . .
...
0 ∇p−1

2
=

γhG1 0 · · · · · · 0
γhG2 · · · · · · 0
. . . · · · ...
. . .
...
0 γhGp−1
 ,
where ri is the rank of Gi for i = 1, ..., p.
Then there is a connection on Q of the form
∇Q2 =

∇1 θ1,2 · · · · · · θ1,p−1 θ1,p
∇2 · · · · · · θ2,p−1 θ2,p
. . . · · · ... ...
. . .
...
...
∇p−1 θp−1,p
0 ∇p

with θi,p ∈ A0,1(X,G ∗p ⊗ Gi) for i < p such that its curvature is of the form
(∇Q2 )2 = γ · (hG1 ⊕ · · · ⊕ hGp ).
Moreover, the holomorphic structures induced by∇Q1 and ∇Q2 are isomorphic.
Proof. We prove it by induction on p. For p = 2, it follows from Lemma 4.10.
Assume that p > 2 and that the lemma is true for smaller integers. By induction
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hypothesis, we can find θ2,p, ..., θp−1,p such that
∇2 θ2,3 · · · · · · θ2,p
∇3 · · · · · · θ3,p
. . . · · · ...
. . .
...
0 ∇p

2
=

γhG2 0 · · · · · · 0
γhG3 · · · · · · 0
. . . · · · ...
. . .
...
0 γhGp
 .
Moreover, by Lemma 4.9, the column θ2,p − β2,p...
θp−1,p − βp−1,p

represents a (0, 1)-form ∂¯G ∗p⊗T α, where α ∈ A0(X,G ∗p ⊗
⊕p−1
i=2 Gi) and T is the
holomorphic structure on
⊕p−1
i=2 Gi induced by ∇Q1 . Note that α can also be view
as an element in A0(X,G ∗p ⊗ (
⊕p−1
i=1 Gi)). Then there is some δ ∈ A0,1(X,G ∗p ⊗ G1)
such that the column 
δ− β1,p
θ2,p − β2,p
...
θp−1,p − βp−1,p

represents ∂¯G ∗p⊗H α, where H is the holomorphic vector bundle structure on⊕p−1
i=1 Gi induced by∇Q1 .
We define the following connection
∇Q3 =

∇1 θ1,2 · · · · · · θ1,p−1 δ
∇2 · · · · · · θ2,p−1 θ2,p
. . . · · · ... ...
. . .
...
...
∇p−1 θp−1,p
0 ∇p

.
Then (∇Q3 )(0,1))2 = 0 and it defines a holomorphic structure on Q which is iso-
morphic to the one defined by∇Q1 by Lemma 4.9. Moreover, we have
(∇Q3 )2 =

γhG1 0 · · · · · · 0 ξ
γhG2 · · · · · · 0 0
. . . · · · ... ...
. . .
...
...
γhGp−1 0
0 γhGp

where
ξ = ∇G ∗p⊗G1(δ) +
p−1
∑
i=1
θ1,i ◦ θi,p ∈ A2(X,G ∗p ⊗ G1).
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The vanishing of the (1, i)-entry of (∇Q3 )2 for 1 < i < p implies
∇1 ◦ θ1,i = −(θ1,i ◦ ∇i +
i−1
∑
j=2
θ1,j ◦ θj,i), (4.5)
and the vanishing of the (i, p)-entry for 1 < i < p implies
θi,p ◦ ∇p = −(∇i ◦ θi,p +
p−1
∑
k=i+1
θi,k ◦ θk,p). (4.6)
Moreover, the condition that ((∇Q3 )(0,1))2 = 0 shows that
∂¯G ∗p⊗G1(δ) +
p−1
∑
i=1
θ1,i ◦ θi,p = 0 ∈ A2(X,G ∗p ⊗ G1), (4.7)
and we deduce
ξ = (∇G ∗p⊗G1)1,0(δ). (4.8)
Now we compute that
∂¯G ∗p⊗G1((∇G
∗
p⊗G1 )1,0(δ)) = ∂¯G ∗p⊗G1(∇G
∗
p⊗G1(δ))
= −∇G ∗p⊗G1(∂¯G ∗p⊗G1 (δ))
(4.7)
= ∇G ∗p⊗G1(
p−1
∑
i=1
θ1,i ◦ θi,p)
=
p−1
∑
i=1
∇1 ◦ θ1,i ◦ θi,p −
p−1
∑
i=1
θ1,i ◦ θi,p ◦ ∇p
(4.5), (4.6)
=
p−1
∑
i=1
(
−(θ1,i ◦ ∇i +
i−1
∑
j=2
θ1,j ◦ θj,i) ◦ θi,p
)
−
p−1
∑
i=1
(
−θ1,i ◦ (∇i ◦ θi,p +
p−1
∑
k=i+1
θi,k ◦ θk,p)
)
= −
p−1
∑
i=1
i−1
∑
j=2
θ1,j ◦ θj,i ◦ θi,p
+
p−1
∑
i=1
p−1
∑
k=i+1
θ1,i ◦ θi,k ◦ θk,p
= 0.
We note that G ∗p ⊗G1 is Hermitian flat by Corollary 4.8. Hence by ∂∂¯-Lemma, there
exists µ ∈ A0(X,G ∗p ⊗ G1) such that
(∇G ∗p⊗G1 )1,0(δ) = (∇G ∗p⊗G1)1,0(∂¯G ∗p⊗G1(µ)) = ∇G
∗
p⊗G1(∂¯G ∗p⊗G1(µ)).
Thanks to equation (4.8), this implies that
ξ = ∇G ∗p⊗G1(∂¯G ∗p⊗G1 (µ)).
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Let θ1,p = δ− ∂¯G ∗p⊗G1 (µ). Then we check that
∇G ∗p⊗G1 (θ1,p) +
p−1
∑
i=1
θ1,i ◦ θi,p = ξ −∇G
∗
p⊗G1(∂¯G ∗p⊗G1 (µ)) = 0.
This completes the proof of Lemma 4.11. 
Now we are ready to prove Theorem 4.6 and Theorem 1.7.
Proof of Theorem 4.6. Let ri be the rank of Gi = Ei/Ei+1. As in Lemma 4.7, we de-
note the projectively Hermitian flat metric on Gi by hGi and the Chern connection
by ∇i. Then there is a (1, 1)-form γ such that ∇2i = γhGi for all i = 1, .., p. We
denote by Q the underlying smooth vector bundle of E . To prove the theorem, we
will construct a connection ∇F on Q in the following upper triangular form
∇F =

∇1 θ1,2 · · · · · · θ1,p−1 θ1,p
∇2 · · · · · · θ2,p−1 θ2,p
. . . · · · ... ...
. . .
...
...
∇p−1 θp−1,p
0 ∇p

such that
(1) θi,j ∈ A0,1(X,G ∗j ⊗ Gi) are global smooth (0, 1)-forms;
(2) ∇F defines a holomorphic structure F on Q which is isomorphic to E ;
(3) ∇F is projectively flat.
By partition of unity, we can construct a connection ∇Q1 on Q of the form
∇Q1 =

∇1 β1,2 · · · · · · β1,p−1 β1,p
∇2 · · · · · · β2,p−1 β2,p
. . . · · · ... ...
. . .
...
...
∇p−1 βp−1,p
0 ∇p

such that βi,j ∈ A1(X,G ∗j ⊗ Gi) and that (∇Q1 )0,1 = ∂¯E . By replacing βi,j by its
(0, 1) part, we may assume further that βi,j ∈ A0,1(X,G ∗j ⊗ Gi).
We prove it by induction on p. If p = 2, then it follows from Lemma 4.10.
Assume p > 2 and the assertion holds for smaller integers. Then by induction
hypothesis, we can find θi,j ∈ A0,1(X,G ∗j ⊗ Gi) for 1 6 i < j 6 p− 1 such that
∇1 θ1,2 · · · · · · θ1,p−1
∇2 · · · · · · θ2,p−1
. . . · · · ...
. . .
...
0 ∇p−1

2
=

γhG1 0 · · · · · · 0
γhG2 · · · · · · 0
. . . · · · ...
. . .
...
0 γhGp−1
 .
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Moreover, the following connection on Q
∇Q2 =

∇1 θ1,2 · · · · · · θ1,p−1 β1,p
∇2 · · · · · · θ2,p−1 β2,p
. . . · · · ... ...
. . .
...
...
∇p−1 βp−1,p
0 ∇p

defines a holomorphic structure isomorphic to E . The existence of ∇F then fol-
lows from Lemma 4.11. This completes the proof of Theorem 4.6. 
Proof of Theorem 1.7. It follows from Theorem 4.2 and Theorem 4.6. 
Convention 4.12. In the sequel of this paper, a holomorphic vector bundle E over
a quasi-projective manifold X is called a projectively flat vector bundle if it admits
a projectively flat connection ∇ such that∇0,1 = ∂¯E .
4.C. Properties of projectively flat vector bundles. We underline that all vector
bundles in this subsection are holomorphic and an isomorphism between vector
bundles is always an isomorphism of holomorphic vector bundles.
Lemma 4.13. Let X be a smooth quasi-projective variety and let E be a vector bundle
on X. Assume that there is an open subset X◦ ⊆ X with complement of codimension
at least 2 such that E |X◦ is isomorphic to a projectively flat vector bundle F ◦. Then
this isomorphism extends to an isomorphism of vector bundles E → F such that F is
projectively flat.
Proof. Let Z◦ = P(F ◦). Then Z◦ is given by a representation ρ◦ of the fundamen-
tal group pi1(X◦) in PGLr(C), where r is the rank of E . Since the complement of
X◦ has codimension at least 2 in X, the fundamental groups pi1(X◦) and pi1(X)
are canonically isomorphic. Hence ρ descends to a representation ρ : pi1(X) →
PGLr(C). Such a representation induces a projective bundle p : Z → X which ex-
tends Z◦ → X◦. Let L ◦ = OP(F ◦)(1). Then it extends to a line bundle L on Z
whose restriction on a general fiber of p is isomorphic to OPr−1(1). Let F = p∗L .
Then F is a projectively flat vector bundle such that F |X◦ = F ◦. Since the com-
plement of X◦ has codimension at least 2 in X, the isomorphism E |X◦ → F ◦
extends to an isomorphism E → F . 
Lemma 4.14. Let f : X → Y be a projective bundle over a quasi-projective manifold Y.
Assume that E is a vector bundle on Y such that f ∗E is isomorphic to a projectively flat
vector bundle on X. Then E is isomorphic to a projectively flat vector bundle on Y.
Proof. Up to isomorphism, we may assume that F = f ∗E is projectively flat. Let
Q = P(E ) and W = P(F ). Then W is given by a representation ρ of pi1(X) in
PGLr(C), where r is the rank of E . We remark that f induces an isomorphism
between the fundamental groups pi1(X) and pi1(Y). Thus such a representation
induces a representation η : pi1(Y) → PGLr(C). Let pi : P → Y be the projective
bundle given by η. Then by pulling back P, we obtain a projective bundle q : Z →
X. By construction, we have an isomorphism Z→W of projective bundles on X.
We denote by ϕ : Z → Q the composition of Z → W → Q. Then a complete
curve C in Z is contracted by ϕ if and only if the image of C in P is a point. Hence
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by rigidity lemma, we see that ϕ descends to a surjective morphism ψ : P→ Q on
Y. Since both P and Q are projective bundles on Y, such a surjective morphism
must be an isomorphism. Note that the tensor product of a projectively flat vector
bundle and a line bundle is again projectively flat, E is isomorphic to a projectively
flat vector bundle. 
The following lemma is a consequence of [GKP16, Theorem 1.5].
Lemma 4.15. Let Y be a projective manifold and p : Y → Y′ a surjective morphism onto
a normal projective variety with klt singularities. Let P → Y be a flat projective bundle
given by a representation pi1(Y) → PGLd+1(C). Assume that the fibers of p are simply
connected over some open subset V ⊆ Y′ such that codimY′\V > 2. Then for every p-
exceptional curve C, there is a smooth curve D with finite surjective morphism µ : D→ C
such that P induces a trivial Pd-bundle structure on D ×C P over D. In particular, if
P ∼= P(E ) for some vector bundle E on Y, then µ∗E is isomorphic to the direct sum of
copies of a line bundle on D.
Proof. By [GKP16, Theorem 1.5], there is a quasi-étale cover Z′ → Y′ such that the
algebraic fundamental groups pˆi1(Z′reg) and pˆi1(Z′) are canonically isomorphic.
Let Z be a desingularization of the main component of the fiber product Y ×Y′ Z′.
Z Y
Z′ Y′
h
q p
We note that P is given by a representation of the fundamental group pi1(Y) in
PGLd+1(C). Since the fibers of p are simply connected over V ⊆ Y′, such a repre-
sentation induces a representation of pi1(Yreg) in PGLd+1(C). In another word, P
induces a flat Pd-bundle P′ on the smooth locus of Y′. By pulling back we obtain a
flat Pd-bundle Q′1 on Z
′
reg, given by a representation of pi1(Z
′
reg) in PGLd+1(C). As
in [GKP16, Proof of Theorem 1.14 on page 1990], this representation of pi1(Z′reg)
can descend to a representation of pi1(Z′) in PGLd+1(C). Hence there is a flat Pd-
bundle Q′ on Z′ which extends Q′1. We denote by Q the P
d-bundle on Z obtained
by pulling back Q′. We note that Q is a trivial Pd-bundle on every fiber of q.
We also remark that the pullback of P by h is isomorphic to Q. Indeed, by
construction, they are isomorphic over some open dense subsetU of Z. Moreover,
the natural morphism pi1(U) → pi1(Z) is surjective and both of these two Pd-
bundles are defined by representation of pi1(Z) in PGLd+1(C).
Let C be a p-exceptional curve. Then there is a curve D1 ⊆ Z contained in some
fiber of q such that h(D1) = C. Let D be the normalization of D1 and µ : D→ C the
inducedmorphism. Then the pullback of D×C P ∼= D×D1 Q is a trivial Pd-bundle
on D. 
5. PROJECTIVIZED BUNDLES OF VECTOR BUNDLES
Let X be a complex manifold. A projective bundle P on X is a smooth fibration
ϕ : P → X with fibers isomorphic to Pd for some d > 0. A projective bundle
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is called insignificant if it is isomorphic to the projectivized bundle P(E ) of some
vector bundle E . This is equivalent to the existence of a line bundle L on Pwhose
restriction on every fiber of ϕ is isomorphic to OPd (1). If we denote by Proj(X)
the set of isomorphism classes of projective bundles on X, then there is a map
δ : Proj(X)→ H2(X,O×X ) such that
P ∈ Proj(X) is insignificant⇔ δ(P) = 1 ∈ H2(X,O×X ).
In another word, δ(P) is the obstruction for P to be insignificant. The image of δ
is called the Brauer group of X (see for instance [Ele85] for more details). We recall
the following theorem.
Theorem 5.1. [Ele85, Theorem 1] Let P → X be a projective bundle on a complex
manifold X. Then the fiber product P′ = P×X P is an insignificant projective bundle on
P.
In this section, we study insignificant projective bundles X = P(E ) whose tan-
gent bundle TX contains a strictly nef subsheaf F and prove a structure theorem
of such couples (P(E ),F ) in the first subsection and then provide some examples
in the second subsection.
5.A. Strictly nef subsheaves of TP(E ). We first prove the following theorem,
which is an analogue of [CP98, Lemma 1.2]. It classifies all almost nef locally free
subsheaves of the tangent bundle of an insignificant projective bundle provided
stronger positivity of the restrictions to fibers.
Theorem 5.2. Let Y be a projective manifold of dimension m > 0 and let E be a vector
bundle of rank d+ 1 on Y. Denote by X the projective bundle P(E ) and by p : X → Y
the natural projection. Assume that there is an almost nef locally free subsheaf F ⊆ TX of
rank r such that its negative locus S(F ) does not dominate Y.
(1) If F |F = TF for a general fiber F of p, then E is numerically projectively flat and
F = TX/Y.
(2) If F |F ∼= OPn (1)⊕r for each fiber F of p, then there exists a numerically projectively
flat subbundle M of E ∗ such that F ∼= p∗M ⊗OP(E )(1).
Proof. By our assumption, in both cases, the restriction of F to a general fiber F
of p is ample. Therefore F |F is contained in TF for general F. Consequently, F is
contained in the relative tangent bundle TX/Y.
Proof of (1). Let S be the support of the torsion sheaf TX/Y/F . Then S is a closed
subvariety of X which does not dominate Y. Consider the relative Euler sequence
0→ OX → p∗E ∗ ⊗OP(E )(1)→ TX/Y → 0. (5.1)
Since the inclusion F →֒ TX/Y is generically surjective and since F is almost nef,
by Proposition 3.8 (1), TX/Y is almost nef and S(TX/Y) ⊆ S∪ S(F ). Then it follows
from Proposition 3.8 (4) that the vector bundle p∗E ∗⊗OP(E )(1) is almost nef with
negative locus contained in S ∪ S(F ). In particular, from Proposition 3.8 (2), its
determinant
det(p∗E ∗ ⊗OP(E )(1)) = OP(E )(d+ 1)⊗ p∗ det(E ∗)
is almost nef with negative locus contained in S ∪ S(F ). This implies that the
normalized tautological class ΛE is almost nef with S(ΛE ) ⊆ S ∪ S(F ). Since
S∪ S(F ) does not dominate Y, the Q-twisted vector bundle E<−µ(E )> is almost
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nef by Proposition 3.8 (3), where µ(E ) is the average first Chern class of E . Hence
E is numerically projectively flat by Theorem 1.6.
Next we show that F = TX/Y. The induced morphism det(F ) → det(TX/Y)
implies that there exists an effective divisor D such that det(TX/Y) ∼= det(F ) ⊗
OX(D). We note that
c1(TX/Y)− c1(F ) ≡p 0,
since the relative Picard number of X over Y is one. Hence there exists a line
bundle L on Y such that p∗L = OX(D). By the relative Euler sequence (5.1), we
have
(d+ 1)ΛE − c1(p∗L ) = c1(TX/Y)− c1(OX(D)) = c1(F ),
which is almost nef since F is. Moreover, since its negative locus is contained in
S(F ), the Q-twisted vector bundle (E ⊗L ∗)<−µ(E )> is almost nef. Then taking
the determinant shows that L ∗ is pseudoeffective. This implies that D = 0 and
det(F ) = det(TX/Y). Since F and TX/Y are vector bundles of the same rank, by
[DPS94, Lemma 1.20], we have F = TX/Y.
Proof of (2). The existence of M →֒ E ∗ follows from Lemma 5.3 below. Since F
is almost nef, by Proposition 3.8 (2), the determinant
det(F ) = p∗ det(M )⊗OP(E )(r)
is almost nef on P(E ) with negative locus contained in S(F ). So the Q-twisted
vector bundle E<µ(M )> is almost nef (see Proposition 3.8 (3)). Since the natural
morphism E → M ∗ is generically surjective, by Proposition 3.8 (1), the Q-twisted
vector bundle M ∗<µ(M )> is almost nef as well. Hence, it follows from Theorem
1.6 that M ∗ is numerically projectively flat, and so is M by Lemma 4.3.
Next we show that M is saturated in E ∗. Fix an ample divisor A on X and
let G be the maximal destabilizing subsheaf of E ∗ with respect to A. Since M is
numerically projectively flat, both M ∗ and M are A-semistable by Theorem 4.2.
In particular, we have
µminA (M ) = µA(M ).
On the other hand, since M is a subsheaf of E ∗, we have
µA(M ) 6 µ
max
A (E
∗) = µA(G ).
Recall that the Q-twisted vector bundle E<µ(M )> is almost nef. Since the natural
morphism E → G ∗ is generically surjective, by Proposition 3.8 (1), the Q-twisted
sheaf G ∗<µ(M )> is almost nef. Thus the Q-Cartier divisor class
c1(G
∗) + rk(G ∗)µ(M )
is pseudoeffective on Y. It yields
(c1(G
∗) + rk(G ∗)µ(M )) · An−1 > 0.
This implies
µA(M ) = µ(M ) · An−1 > − 1rk(G ∗) c1(G
∗) · An−1 = −µA(G ∗) = µA(G ).
Hence, we have µA(M ) = µA(G ). By the definition of G , we see that M is con-
tained in G . Let M be the saturation of M in E ∗. Then M is contained in G .
Moreover, as µA(M ) 6 µA(M ) 6 µA(G ), we deduce that
µA(M ) = µA(M ).
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This implies that the inclusion det(M ) → det(M ) is an isomorphism. Then ap-
plying [DPS94, Lemma 1.20] shows that M is saturated in E ∗.
Finally, we choose an arbitrary point x ∈ Y. Let C ⊆ Y be a general complete
smooth curve passing through x. Then M |C is again a subsheaf of E ∗|C. Now
replacing Y by C in the argument above, we can conclude that M |C is saturated in
E ∗|C. Since C is a curve, M |C is actually a subbundle of E ∗|C. This shows that M
is a subbundle of E ∗. 
Lemma 5.3. Let Y be a smooth quasi-projective variety and E a vector bundle on Y. Let
X = P(E ) and let p : X → Y be the natural fibration. Assume that there is a locally
free subsheaf F →֒ TX/Y such that F |F ∼= OF(1)⊕r for any fiber F of p. Then there
is a vector bundle M on Y such that F = p∗M ⊗ OP(E )(1). Moreover, there is an
injective morphism M →֒ E ∗ which induces the inclusion F →֒ TX/Y via the relative
Euler sequence.
Proof. Set M = p∗(F ⊗ OP(E )(−1)). Then F = p∗M ⊗ OP(E )(1). Tensoring
the relative Euler sequence of P(E ) with F ∗, we derive the following short exact
sequence of vector bundles
0→ F ∗ → p∗E ∗ ⊗OP(E )(1)⊗F ∗ → TX/Y ⊗F ∗ → 0.
For any i > 0, we have
Rip∗F ∗ = M ∗ ⊗ Rip∗OP(E )(−1) = 0.
Thus Leray Spectral sequence implies that H1(X,F ∗) = 0. As a consequence, the
inclusion F →֒ TX/Y can be lifted to an inclusion F →֒ p∗E ∗ ⊗ OP(E )(1). We
then obtain an injective morphism p∗M →֒ p∗E ∗. By taking the direct image, we
obtain an inclusion M →֒ E ∗. 
Lemma 5.4. (1) Let F be a strictly nef vector bundle of rank r on Pn. Assume that there
exists an injective morphism F →֒ TPn . Then F is isomorphic to OPn(1)⊕r or TPn .
(2) Let p : X → Y be a projective bundle. Let F be a vector bundle on X which is strictly
nef on every fiber of p. Assume further that F |F ∼= OF(1)⊕r for a fiber F of p. Then
for every fiber F′ of p, we have F |F′ ∼= OF′(1)⊕r.
Proof. For (1), thanks to [AKP08, Theorem 4.2], it suffices to show that the restric-
tionF |ℓ on an arbitrary line ℓ ⊆ Pn is ample. Since ℓ is a rational curve, the strictly
nef bundle F |ℓ must be ample.
For (2), let F′ be an arbitrary fiber of p and C be a line in F′. Then F |C is a
strictly nef vector bundle of rank r. Moreover, by assumption the degree of F |C
is equal to r. Hence we obtain F |C ∼= OC(1)⊕r. As C is arbitrary, this implies that
F |F′ ∼= OF′(1)⊕r by [AW01, Proposition 1.2]. 
Remark 5.5. By the lemma above, if we assume that F is strictly nef in Theorem
5.2, then either F |F = TF for a general fiber F of p, or F |F ∼= OPn(1)⊕r for any
fiber F of p.
As an immediate corollary of Theorem 5.2, we obtain the following result.
Corollary 5.6. Let E be a vector bundle on P1. Then the tangent bundle TP(E ) does not
contain any strictly nef locally free subsheaves.
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Proof. We write Y = P1 and X = P(E ). Assume by contradiction that there is a
strictly nef locally free subsheafF of TX. ThenF is contained in TX/Y. As pointed
out in Remark 5.5, by Lemma 5.4, we are in one of the situations of Theorem 5.2.
We note that every numerically projectively flat vector bundle on Y is the direct
sum of copies of a line bundle. Hence, if we are in the first case of the theorem,
then X ∼= Pn ×Y. One readily check that TX/Y is not strictly nef. Now we assume
the second case of Theorem 5.2. We write M = L ⊕r. Then we have a surjective
morphism
E → M ∗ → L ∗,
where M ∗ → L ∗ one of the canonical projections. The composition of the mor-
phisms above induce a section σ : Y → P(E ) such that
σ∗OP(E )(1) ∼= L ∗.
As a consequence σ∗F ∼= O⊕rY . Hence F is not strictly nef. 
We conclude this subsection with the following proposition.
Proposition 5.7. Let T be a complex manifold and let X → T be a Pd-bundle. Let Z be
the fiber product X×T X ∼= P(E ), where E is a vector bundle over X (see Theorem 5.1).
X Z ∼= P(E )
T X
ϕ
q
pi
p=ϕ
Assume that there exists a vector bundle F over X and a subbunlde M of E ∗ such that
q∗F ∼= pi∗M ⊗OP(E )(1).
Let M ⊆ Z be the projective subbundle P(M ∗) ⊆ P(E ). Then q(M) is a projective
bundle over T.
Proof. The problem is local on T, hence we can suppose that T ⊆ Cm is a small
polydisc so that X ∼= P(V ) for some vector bundle V on T. Then there exists a
line bundle L on X such that p∗V ∼= E ⊗L . By replacing E with E ⊗L and M
with M ⊗L ∗, we may assume that L is trivial. That is p∗V ∼= E .
Since the restrictions of q∗F to the fibers of pi are isomorphic to direct sum of
copies of OPd(1), the same holds for the restrictions of F to the fibers of ϕ. We
define the following the vector bundle on T
Q = ϕ∗(F ⊗OP(V )(−1)).
Then by assumption, we have
q∗(ϕ∗Q ⊗OP(V )(1)) ∼= q∗F ∼= pi∗M ⊗OP(E )(1).
As q∗OP(V )(1) ∼= OP(E )(1), we deduce that pi∗p∗Q ∼= pi∗M and hence
p∗Q ∼= M .
Since p∗V ∗ ∼= E ∗, the subbundle structure M →֒ E ∗ induces a subbundle struc-
ture Q →֒ V ∗. Denote by Q the projective subbundle P(Q∗) ⊆ X ∼= P(V ).
Then M is isomorphic to Q ×T X and consequently q(M) = Q. This finishes the
proof. 
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5.B. Examples. In this subsection, our goal is to extend Mumford’s example to
higher dimension. A key ingredient is the following theorem due to Subramanian.
Theorem 5.8. [Sub89, Lemma 3.2 and Theorem 6.1] Let C be a smooth curve of genus
g > 2. Then for any r > 2, there exists a Hermitian flat vector bundle E of rank r such
that the tautological line bundle OP(E )(1) is ample when restricted to a proper subvariety
of P(E ). In particular, E is strictly nef.
By using this theorem, we construct two examples. Fix a smooth curve C of
genus g > 2. Let r > 2 and E a vector bundle of rank r provided in Theorem 5.8.
Example 5.9 (Strictly nef subbundles). Let X = P(E ). Then we have the following
relative Euler exact sequence
0→ OX → p∗E ∗ ⊗OP(E )(1)→ TX/C → 0,
where p : X = P(E )→ C is the natural projection. We claim that
E
′ := p∗E ∗ ⊗OP(E )(1)
is strictly nef. Indeed, let ν : C′ → X be a finite morphism from a smooth complete
curve C′ to X and let ν∗E ′ → L be a quotient line bundle. If ν(C′) is contained
in the fibers of p, then ν∗E ′ is ample and L is still ample. Assume that ν(C′) is
not contained in the fibers of p. Then the composition ν′ : C′ → X → C is a finite
morphism. Moreover, we have
ν∗E ′ ∼= ν′∗E ∗ ⊗ ν∗OP(E )(1).
This implies that L ⊗ ν∗OP(E )(−1) is a quotient line bundle of ν′∗E ∗. Note that
E ∗ is numerically flat and therefore nef. Thus we have
deg(L ) + deg(ν∗OP(E )(−1)) > 0.
However, since OP(E )(1) is strictly nef, we deduce that deg(L ) > 0. Therefore
E ′ is strictly nef by [LOY19, Proposition 2.1]. Hence, F = TX/C is a strictly nef
subbundle of TX (see [LOY19, Propostion 2.2]).
Example 5.10 (Strictly nef subsheaves which are not subbundles). We consider the
following extension of vector bundles
0→ Q → G → E ∗ → 0,
where Q is a nef vector bundle of positive rank. Since E ∗ is Hermitian flat, it is
numerically flat. In particular, E ∗ is nef and so is G (see [DPS94, Proposition 1.15]).
Let X = P(G ) and p : X = P(G ) → C the natural projection. Then we have the
following relative Euler sequence
0→ OX → p∗G ∗ ⊗OP(G )(1)→ TX/C → 0.
Since E is a subbundle of G ∗, it follows that
F := p∗E ⊗OP(G )(1)
is a subbundle of p∗G ∗ ⊗ OP(G )(1). As in Example 5.9 above, one can show that
F is strictly nef. Moreover, note that the composition
F → p∗G ∗ ⊗OP(G )(1)→ TX/C
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is injective, it follows that F is a strictly nef locally free subsheaf of TX. On the
other hand, since the restriction of F to fibers of p is isomorphic to OPd (1)
⊕r, F
is not a subbundle of TX/C.
6. STRUCTURES OF MRC FIBRATIONS
In this section we prove the following proposition.
Proposition 6.1. Let X be a projective manifold. Assume that TX contains a locally free
strictly nef subsheaf F . Then X is uniruled.
Moreover, denote by ϕ : X 99K T its MRC fibration. Then there exists an open subset
X◦ ⊆ X with codim(X \ X◦) > 2 such that the restriction
ϕ◦ := ϕ|X◦ : X◦ → T◦ ⊆ T
is a Pd-bundle. In particular, the restriction F |X◦ is contained in TX◦/T◦ .
We first show that such a projective manifold Xmust be uniruled (see Corollary
6.3). We remark that a priori this is not straightforward since a strictly nef vector
bundle may also be numerically flat, and Miyaoka’s criterion cannot be applied in
this case. The uniruledness in Proposition 6.1 is a consequence of the following
theorem, which itself may be of independent interest.
Theorem 6.2. Let X be a non-uniruled projective manifold. Assume that there is a non-
zero map σ : F → TX, where F is an almost nef coherent sheaf over X. Let Q̂ be the
reflexive hull of the image Q of σ. Then Q̂ is an involutive subbundle of TX , and is
numerically flat with torsion determinant bundle. Furthermore, there exist a finite étale
cover γ : X˜ → X and an almost holomorphic map g : X˜ 99K Y whose general fibers are
abelian varieties such that the restriction of γ∗Q̂ to a general fiber of g is a linear foliation.
Proof. Let Q be the saturation of Q in TX . By the definition of reflexive hull, we
have natural inclusions Q →֒ Q̂ →֒ Q, which induce an injection
det(Q̂) →֒ det(Q). (6.1)
Since F is almost nef and the composition F → Q̂ → Q is generically surjective,
Proposition 3.8 shows that both Q̂ andQ are almost nef, so are det(Q̂) and det(Q).
On the other hand, as X is not uniruled, by [BDPP13, Theorem 2.6], both det(Q̂)∗
and det(Q)∗ are pseudoeffective. Therefore, by [Pet94, Lemma 6.5], we have
c1(Q̂) = c1(Q) = 0.
As a consequence, the natural morphism det(Q̂) →֒ det(Q) is an isomorphism.
We can now apply [LPT18, Theorem 5.2] to conclude that Q is a regular foliation
with torsion canonical bundle. Then, from [DPS94, Lemma 1.20], we obtain Q̂ =
Q .
Finally, since Q̂ is almost nef and c1(Q̂) = 0, [HP19, Theorem 1.8] says that Q̂
is a numerically flat vector bundle. In particular, c2(Q̂) = 0. The remaining part
of the theorem then follows from [PT13, Theorem C]. 
As an application, we obtain the following criterion for uniruledness.
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Corollary 6.3. Let F be a strictly nef coherent sheaf on a projective manifold X. Assume
that there exists a non-zero map σ : F → TX with image Q. Then X is uniruled. More-
over, there exists an open subset X◦ ⊆ X and a Pd-bundle ϕ◦ : X◦ → T◦ over a smooth
base T◦ such that Q|X◦ ⊆ TX◦/T◦ .
Proof. We first assume by contradiction that X is not uniruled. Let Q̂ be the re-
flexive hull of Q. After Theorem 6.2, replacing X by some finite étale cover if
necessary, we may assume that there is an almost holomorphic map g : X 99K Y
whose general fibers are abelian varieties. Moreover, the restriction of Q̂ on a gen-
eral fiber F of g is a linear foliation.
Denote by S the support of Q̂/Q. Then S is contained in the singular locus
Sing(Q) of Q. In particular, S has codimension at least 2 as Q is torsion free. As a
consequence, the intersection F ∩ S also has codimension at least 2 in F. Therefore,
if C is a complete intersection curve of general very ample divisors in F, we have
Q̂|C = Q|C. The latter is strictly nef by Proposition 3.3. This contradicts to the fact
that Q̂|A is a linear foliation.
Finally, since X is uniruled, it carries a covering family V of minimal rational
curves. As Q is locally free in codimension one, by [Kol96, II, Proposition 3.7], Q
is locally free along a general member D of V . Note that F |D is strictly nef by
Proposition 3.2, so is Q|D by Proposition 3.3. This in turn implies that Q|D is an
ample vector bundle as D is a rational curve. The remaining part of the corollary
then follows from [ADK08, Proposition 2.7]. 
Remark 6.4. In view of the proof of [ADK08] (see also [Ara06, Theorem 3.4] or
[Liu19, Theorem 2.1]), the almost holomorphic map on X induced by ϕ◦ is nothing
but the V-rationally connected quotient of X. Furthermore, every rational curve
in V meeting X◦ is a line in a fiber of ϕ◦.
Now we can conclude Proposition 6.1.
Proof of Proposition 6.1. By Corollary 6.3, X is uniruled and it carries a covering
family V of minimal rational curves. As pointed out in Remark 6.4, the V-
rationally connected quotient ϕ◦ : X◦ → T◦ is a Pd-bundle and the rational curves
parameterized by V meeting X◦ are lines in fibers of ϕ◦. Moreover, since V is
unsplit by Lemma 6.5 below, thanks to [Ara06, Theorem 3.4] (see also [Liu19, The-
orem 2.1]), ϕ◦ can be extended in codimension one; that is, we can choose X◦ ⊆ X
such that codim(X \ X◦) > 2.
Now we assume to the contrary that ϕ is not the MRC fibration. Let g : X 99K Y
be the MRC fibration. Then there is a natural factorization
X 99K T 99K Y.
Set Z = X\X◦. Then Z has codimension at least 2. Thus, for a general fiber G of g,
Z ∩ G also has codimension at least 2 in G. Note that G is smooth and rationally
connected. By [Kol96, II, Proposition 3.7], there is a very free rational curve C in
G which is contained in G\Z. Hence C is also a curve contained in X◦. Denote by
r : P1 → ϕ◦(C′) the normalization, and by W the fiber product X◦ ×P1 T◦. Then
the natural morphism pi : W → P1 is a Pd-bundle. This implies that there exists a
vector bundle E on P1 such that W = P(E ) as the Brauer group of P1 is trivial.
Moreover, since F |X◦ is contained in TX◦/T◦ , the pullback F ′ of F on W is a
strictly nef locally free subsheaf of TW/P1. This contradicts with Corollary 5.6. 
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Lemma 6.5. Let X be an n-dimensional projective manifold, and let V be a covering
family of minimal rational curves on X. If TX contains a strictly nef locally free subsheaf
F , then V is unsplit.
Proof. If F is a line bundle, this is a consequence of [Dru04, Corollaire]. Therefore,
wemay assume r = rkF > 2. Let [C] ∈ V be a general member and let f : P1 → X
be the morphism induced by the normalization of C. Then f ∗F is a subsheaf of
f ∗TX . Since V is a minimal family, there is some d > r− 1 such that
f ∗TX ∼= OP1 (2)⊕OP1 (1)⊕d ⊕O⊕(n−d−1)P1 .
In particular, we have c1(F ) · C 6 r+ 1.
Now let B = ∑ aiBi be a 1-cycle obtained as the limit of cycles in V with Bi
irreducible and reduced. Then each Bi is a rational curve. Since F is strictly nef, it
follows that c1(F ) · Bi > r for all i. If B is not reduced or not irreducible, then we
have
c1(F ) · B > 2r > r+ 1 > c1(F ) · C.
This is a contradiction and hence V is unsplit. 
7. DEGENERATION OF Pd
In order to prove Theorem 1.3, we need to extend the projective bundle struc-
ture ϕ◦ : X◦ → T◦ obtained in Proposition 6.1 from theMRC-fibration to the whole
manifold X. To this end, we study degenerations of projective spaces. Such prob-
lems have been investigated in literatures, and we refer to [Fuj87, HN13, AD14]
and the references therein. Building on the work of Cho-Miyaoka-Shepherd-
Barron [CMSB02] (see also [Keb02]) and Kollár [Kol11], we have the following
result which is essentially proved in [HN13] and [AD14].
Proposition 7.1. Let ϕ : X → T be an equidimensional fibration between quasi-projective
varieties whose general fibers are isomorphic to Pd. Assume that T is normal and there
exists a line bundle L on X, whose restrictions on general fibers of ϕ are isomorphic to
OPd (e), such that
c1(L ) · C > 12 e for any ϕ-exceptional rational curve C ⊆ X.
Then all the fibers of ϕ are irreducible and generically reduced, and the normalization of
any fiber is isomorphic to Pd. If we assume in addition that X is normal, then ϕ : X → T
is a Pd-bundle.
Proof. Let H ⊆ RatCurvesn(X/T) be the unique irreducible component such that
a general point corresponds to a line contained in the general fibers of ϕ. Let [l] be
a line contained inH. By assumption, we have
c1(L ) · C > 12 e =
1
2
c1(L ) · l
for any rational curve C contracted by ϕ. ThusH is actually proper over T. In par-
ticular, we can apply the same argument as in [HN13, p.222, Proof of Propositon
3.1] to show that the normalization of any irreducible component of any fiber of ϕ
is isomorphic to Pd.
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Since T is normal, by [Kol96, I, Definition 3.10 and Theorem 3.17], ϕ : X → T is
a well-defined family of d-dimensional proper algebraic cycles over T. In partic-
ular, the degree of the fibers with respect to L is constant (see [Kol96, I, Lemma
3.17.1]). Then the computation in [HN13, p.223, Proof of Proposition 3.1] shows
that the fibers of ϕ are reduced and irreducible. Moreover, the pullback ofL on the
normalization of any fiber F of ϕ is isomorphic toOPd(e). Thus the Hilbert polyno-
mials of the normalizations of the fibers are the same. Then we apply [Kol11, The-
orem 12] and obtain that ϕ : X → T admits a simultaneous normalization, which
is a finite birational morphism η : X˜ → X such that the morphism ϕ ◦ η : X˜ → T is
flat with normal fibers.
If we assume further that X is normal, then Zariski’s main theorem [Har77, V,
Theorem 5.2] implies that η is an isomorphism. As a consequence ϕ : X → T is a
smooth morphism. 
We have the following corollary.
Corollary 7.2. Let ϕ : X → T be an equidimensional Mori fibration from a smooth pro-
jective variety X to a normal variety T. Assume that general fibers of ϕ are isomorphic to
Pd for some d > 0. Assume further that there is a vector bundle F of rank r > 2 whose
restriction on every fiber is strictly nef. Then ϕ is a Pd-bundle between smooth varieties.
Proof. Let L := det(F ). Then this line bundle satisfies the hypothesis of Propo-
sition 7.1. Therefore ϕ : X → T is a Pd-bundle. Since both X and ϕ are smooth, it
follows that T is smooth. 
In order to apply previous results, we need to ensure the equidimensionality of
fibrations. Therefore, in the remainder of this section, we provide some criteria for
equidimensionality.
Proposition 7.3 (Criterion for equidimensionality I). Assume that there is a commu-
tative diagram of fibrations of normal projective varieties
X X
T T
ϕ
ρ
ϕ
γ
such that
(1) T has only klt singularities,
(2) general fibers of ϕ are isomorphic to Pd,
(3) T is smooth and the fibers of γ over an open subset T◦ of T with codim(T \ T◦) ≥ 2
are simply connected,
(4) ϕ : X → T is a flat Pd-bundle given by a representation pi1(T)→ PGLd+1(C),
(5) there is a strictly nef vector bundleF on X with a surjective morphism ρ∗F → TX/T .
Then ϕ : X → T is equidimensional.
Proof. Let C ⊆ T be a complete curve contracted by γ. Thanks to Lemma 4.15,
there exists a smooth curve C′ with a finite surjective morphism n : C′ → C such
that the fiber product XC′ := X×T C′ is isomorphic to C′ ×Pd as Pd-bundles over
C′. We denote by
p1 : XC′ → C′ and ν : XC′ → X
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the natural morphisms and by
p2 : XC′ → Pd
the morphism induced by the natural projection from C′ ×Pd to Pd.
Let TXC′/C′ be the relative tangent bundle of p1. Then its restriction on every
fiber of p2 is isomorphic to a trivial vector bundle. On the other hand, the surjective
morphism ρ∗F → TX/T induces a surjective morphism ν∗ρ∗F → TXC′/C′ . As a
consequence, the restriction of ν∗ρ∗F on any fiber of p2 is not strictly nef. This
implies that the fibers of p2 are contracted by the composition
p : XC′
ν−→ X ρ−→ X.
By rigidity lemma, the morphism p : XC′ → X factors through p2 : XC′ → Pd. In
particular, the images of all fibers of ϕ over C in X under ρ coincide.
Let t ∈ T be an arbitrary point. Since the fiber Tt := γ−1(t) is connected,
the previous paragraph implies that the images of all fibers of ϕ over Tt in X
under ρ coincide. It follows that dimXt 6 d, where Xt is the fiber of X over t. By
semicontinuity, we obtain that ϕ is equidimensional. 
In the situation of Proposition 6.1, we can use the criterion in Proposition 7.3
to deal with the case where the restriction F |F is isomorphic to TF for F being a
general fiber of the MRC fibration. When F |F is isomorphic to the direct sum of
copies of OF(1), we need another more detailed treatment.
Proposition 7.4. Let ϕ : X → T be a surjective morphism from a smooth projective
variety X to a normal projective variety T, and let P ⊆ X be a subvariety such that the
induced morphism ϕP := ϕ|P : P → T is surjective. If at a point x ∈ P, the fiber Pϕ(x)
is smooth of dimension dim P− dim T, then the fiber Xϕ(x) is smooth and of dimension
dimX− dim T at x.
Proof. Set dimX = n, dim T = m and dim P = r. By assumption, we see that
the relative differential sheaf ΩP/T on P is locally free of rank r − m around x.
Consider the following commutative diagram, with exact rows and columns,
ϕ∗ΩT |P ΩX |P ΩX/T|P 0
ϕ∗PΩT ΩP ΩP/T 0
0 0
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Let K(x) be the residue field of P at x. Tensoring the diagram above with K(x),
we have the following diagram, with exact rows and columns,
ϕ∗ΩT|P ⊗K(x) ΩX |P ⊗K(x) ΩX/T|P ⊗K(x) 0
ϕ∗PΩT ⊗K(x) ΩP ⊗K(x) ΩP/T ⊗K(x) 0
0 0
h
h
The second row of the last diagram shows that
dimK(x)(im(h)) = dimK(x)(ΩP ⊗K(x))− (r−m)
> r− (r−m)
= m.
Since dimK(x)(im(h)) > dimK(x)(im(h)) and X is smooth, the first row of the last
diagram implies that
dimK(x) (ΩX/T|P ⊗K(x)) = n− dim(im(h)) 6 n−m.
We note that ΩX/T|P ⊗K(x) ∼= ΩXϕ(x) ⊗K(x), where Xϕ(x) is the fiber of ϕ over
ϕ(x). Then we have
n−m 6 dimx Xϕ(x) 6 dimK(x) ΩXϕ(x) ⊗K(x) 6 n−m
This shows that ΩX/T has rank n−m around x. In particular, ΩX/T is locally free
around x by Nakayama’s lemma. Hence, Xϕ(x) is smooth at x and has dimension
n−m at x. 
As an application, we obtain the following criterion for equidimensionality.
Corollary 7.5 (Criterion for equidimensionality II). Let ϕ : X → T be a surjective
morphism from a smooth projective variety X to a normal projective variety T. Assume
that there exists a (reduced and irreducible) subvariety P ⊆ X such that the induced
morphism ϕP := ϕ|P : P → T is surjective and equidimensional with irreducible and
generically reduced fibers. Let t ∈ T be a point. Assume in addition that every component
of the fiber Xt contains the fiber Pt. Then ϕ is equidimensional around Xt.
Proof. Since ϕP is equidimensional with irreducible and generically reducedfibers,
there is a point x ∈ P lying over t such that the fiber Pt is smooth at x. By
Proposition 7.4, ϕ is equidimensional around x. Let F be an irreducible com-
ponent of Xt. Since F contains Pt, we obtain that x ∈ F and consequently
dim F = dimX − dim T. 
8. PROOF OF THE PROJECTIVE BUNDLE STRUCTURE
In this section, we prove the projective bundle structure in Theorem 1.3. Ac-
tually, we will prove the following refined statement (compare it with Theorem
5.2).
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Theorem 8.1. Let X be a complex projective manifold. Assume that the tangent bundle
TX contains a locally free strictly nef subsheaf F of rank r > 0. Then X admits a Pd-
bundle structure ϕ : X → T over a projective manifold T for some d ≥ r. Moreover, if
dim T > 0, then exactly one of the following assertions holds.
(1) Either d = r ≥ 1, F ∼= TX/T and X is isomorphic to a flat projective bundle over T,
(2) or r ≥ 2, F is a numerically projectively flat vector bundle such that its restriction
on every fiber of ϕ is isomorphic to OPd (1)
⊕r, and there exists a flat Pr−1-subbundle
Q → T of X with a surjection F |Q → TQ/T. In particular, the relative tangent
bundle TQ/T is strictly nef.
8.A. Setup. For the proof of Theorem 8.1, we discuss two different cases, and each
case consists of several steps. For simplicity, we first establish some common setup
in this subsection.
Let X be a projective manifold of dimension n, and F ⊆ TX a strictly nef locally
free subsheaf of rank r. Then Proposition 6.1 shows that there is an open subset
X◦ of X whose complement has codimension at least two such that there is a Pd-
bundle structure
ϕ◦ : X◦ → T◦
and F |X◦ ⊆ TX◦/T◦ . We recall that, by Lemma 5.4, for a general fiber F of ϕ◦,
the restriction F |F is either TF or isomorphic to OF(1)⊕r. These two cases will be
studied separately in Section 8.B and Section 8.C.
The crucial part for Theorem 8.1 is to prove the following result.
Theorem 8.2. Let X be a projective manifold such that TX contains a locally free strictly
nef subsheaf. Then there exists an equidimensional Mori contraction ϕ : X → T which is
also the MRC fibration of X.
Indeed, by using Theorem 8.2 and Corollary 7.2, one can deduce that ϕ : X → T
is a projective bundle, which gives the first part of Theorem 8.1. Finally we can
finish the proof of Theorem 8.1 by applying Theorem 5.2. To show Theorem 8.2, we
analyze as follows. Let T′ be the normalization of the closure of T◦ in Chow(X),
and let X′ be the normalization of the universal family over T′. We claim the
following statement.
Lemma 8.3. The induced morphism ϕ′ : X′ → T′ is a Pd-bundle.
Proof. We first assume that F has rank r > 2. Denote by e : X′ → X the evalua-
tion morphism. Then the restrictions of e on fibers of ϕ′ are finite morphisms. In
particular, the pullback F ′ = e∗F is strictly nef when restricted on each fiber of
ϕ′. Thus for a general fiber F′ of ϕ′, det(F ′)|F′ is isomorphic to either OPd(r) or
OPd (r+ 1) after Lemma 5.4. If C is a rational curve contained in a fiber of ϕ
′, then
F ′|C is strictly nef, and therefore ample. Hence c1(det(F )) · C > r. By assump-
tion, r > 12 (r+ 1) and we can apply Proposition 7.1 to conclude it.
Now we assume that F is a line bundle. We may assume further that X is not
isomorphic to a projective space. Then by [Dru04, Corollaire], there is a P1-bundle
structure β : X → W with dimW > 0 such that F ∼= TX/W . It then follows that
d = 1 and that β is just the MRC fibration of X. Thus X′ ∼= X and T′ ∼= W. This
completes the proof of the lemma. 
Let T → T′ be a desingularization, and let X be the fiber product X′ ×T′ T.
Then ϕ : X → T is a Pd-bundle by Lemma 8.3. Let Z be the fiber product X ×T
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X. By Theorem 5.1, the induced morphism Z → X is an insignificant projective
bundle. In another word, there exists a vector bundle E of rank d + 1 on X such
that Z = P(E ). Then we have the following commutative diagram, which will be
frequently used throughout this section.
X◦ X X′ X Z = P(E )
T◦ T′ T X
ϕ◦
e
ϕ′
h
ρ
ϕ
q
pi
p=ϕ
(8.1)
The first step towards the proof of Theorem 8.2 is to show that the inclusion
F →֒ TX induces an inclusion ρ∗F → TX/T . To achieve this, we will proceed as
follows. Let Ei’s be the ρ-exceptional prime divisors. By shrinking X◦ if necessary,
we may identify X◦ with an open subset X◦ of X. Then there are smallest integers
mi such that the morphism F |X◦ → TX◦/T◦ extends to a morphism
ρ∗F → TX/T ⊗OX(∑miEi). (8.2)
Our goal is then to prove that mi 6 0 for all i.
We also have the following simple observation. By construction, T◦ can be iden-
tified with an open subset of T such that ϕ(Ei) is contained in T \ T◦ for all i. As a
consequence, there are prime divisors Qi in T such that Ei = ϕ∗Qi. In particular,
we have
q∗Ei = pi∗Ei.
Let E′i = q
∗Ei = pi∗Ei and let G = q∗ρ∗F . We denote by Tpi the relative tangent
bundle of pi : Z → X. Then the mi are also the smallest integers such that there is
a morphism
Φ : G → Tpi ⊗OZ(∑miE′i), (8.3)
which extends the following morphism on Z◦ := pi−1(X◦)
q∗ρ∗(F |X◦) →֒ q∗ρ∗(TX◦/T◦) ∼= TZ◦/X◦ .
Moreover, Φ does not vanish in codimension one by the minimality of mi.
8.B. The case when F |F = TF. In this subsection, we will study the case when
F |F = TF. Note that we have r = d in this case. Since the proof is a bit involved,
we subdivide it into four steps, given in Sections 8.B.1–8.B.4 below. We shall follow
the notations in Section 8.A, especially those in the commutative diagram (8.1).
8.B.1. Lifting the inclusion F →֒ TX to an isomorphism ρ∗F → TX/T .
Claim 8.4. The injection F |X◦ →֒ TX◦/T◦ is an isomorphism.
Proof. Let t ∈ T◦ be an arbitrary point and let x be a point in ϕ◦−1(t). Since
the complement of X◦ in X has codimension at least 2, we may choose a general
complete curve C in X passing through x such that B := ϕ◦(C) is a complete curve
in T◦. Let n : B′ → B be the normalization of B and let Y be the fiber product
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X◦ ×B B′. Then p : Y → B′ is a Pd-bundle. Since the Brauer group of B′ is trivial,
there exists a vector bundle V over B′ such that Y ∼= P(V ).
Y = P(V ) X◦ X
B′ B T◦
p
ν
ϕ◦
Since C is in general position, the induced morphism ν∗F → TY/B′ is still injective
such that (ν∗F )|G = TG for general fibers G of p. As ν is finite, ν∗F is strictly nef.
Applying Theorem 5.2 to p : Y → B′ shows that ν∗F = TY/B′ . As t is arbitrary, by
pushing-forward, we obtain that F |X◦ → TX◦/T◦ is an isomorphism. 
Claim 8.5. The injection F →֒ TX induces an isomorphism ρ∗F → TX/T.
Proof. Let G = q∗ρ∗F . As explained at the end of Section 8.A, we have the follow-
ing commutative diagram
X◦ X X Z = P(E )
T◦ T X
ϕ◦
ρ
ϕ
q
pi
p=ϕ
and an induced morphism (see (8.3) for details)
Φ : G → Tpi ⊗OZ(∑miE′i),
which does not vanish in codimension one and extends the natural isomorphism
(q∗ρ∗F )|X◦ → q∗ρ∗(TX◦/T◦) ∼= TZ◦/X◦ .
1st Step. E is numerically projectively flat. We consider the line bundleL = detG .
Its restriction on any fiber of pi is isomorphic to OPd (d+ 1). Thus there is a line
bundle H on X such that
L ∼= OP(E )(d+ 1)⊗ pi∗detE ∗ ⊗ pi∗H .
We note that G |Z◦ ∼= TZ◦/X◦ by Claim 8.4. This implies that H |X◦ ∼= OX◦ . There-
fore, there is a Q-divisor class δ, supported in the ρ-exceptional locus, such that
c1(H ) = (d+ 1)δ.
Since L is nef, by definition the Q-twisted vector bundle E <δ − µ(E )> is nef,
where µ(E ) is the average first Chern class of E . By taking the first Chern class, we
see that δ is nef. Since δ is supported in the ρ-exceptional locus, by the negativity
lemma, we obtain that δ = 0. Thus
OP(E )(d+ 1)⊗ pi∗ detE ∗
is nef and consequently E is numerically projectively flat.
2nd Step. mi 6 0 for all i. Assume by contradiction that it is not the case. By
Lemma 2.1, there is a family {Cγ}γ∈Γ of complete ρ-exceptional curves such that
Cγ ·∑ miEi < 0 for all γ ∈ Γ. Let C′ be a general member of these curves.
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Since E is numerically projectively flat, E is isomorphic to a projectively flat
vector bundle by Theorem 1.7. In particular, pi : Z → X is isomorphic to a flat
projective bundle over X. Applying Lemma 4.15 to ρ : X → X and pi : Z → X, we
deduce that there is a smooth complete curve C, which is finite over C′, such that
Z×X C is isomorphic to Pd × C as Pd-bundles over C.
D Pd × C ∼= Z×X C Z
C C′ X
ν
pi
Let D be a general fiber of the natural projection Pd × C → Pd. We denote by
ν : D → Z the natural morphism. Since the morphism Φ : G → Tpi ⊗OZ(∑miE′i)
does not vanish in codimension one, by general choices of C′ and D, we may
assume that the morphism
G |ν(D) → (Tpi ⊗OZ(∑miE′i))|ν(D)
is not zero. Since ν∗Tpi ∼= T(Pd×C)/C|D is trivial and G is nef, we obtain that
ν∗OZ(∑miE′i) is pseudoeffective. This contradicts to the fact that
ν(D) ·∑miE′i = deg(pi|ν(D))C′ ·∑miEi < 0.
Hence, we have mi ≤ 0 for all i and there is an induced injective morphism
ρ∗F → TX/T .
3rd Step. ρ∗F → TX/T is an isomorphism. By Theorem 5.2, the induced mor-
phism q∗ρ∗F → Tpi is an isomorphism. Hence ρ∗F → TX/T is an isomorphism
by taking pushforward. 
8.B.2. Regularity of the MRC fibration. The existence of ϕ : X → T is a direct con-
sequence of the following claim, which asserts that X admits only one elementary
contraction.
Claim 8.6. Let C be a rational curve in X. Then C is numerically proportional to a line l
contained in a fiber of ϕ◦.
Proof. By Lemma 2.3, there exists a curve C′ contained in X′ such that e|C′ : C′ → C
is birational. In particular, C′ is a rational curve.
X◦ X X′ X
T◦ T′ T
ϕ◦
e
ϕ′
h
ρ
ϕ
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Note that ϕ′ : X′ → T′ is a Pd-bundle by Lemma 8.3, thus any complete curve
contained in a fiber of ϕ′ is numerically proportional to a line contained in a fiber of
ϕ′. In particular, if C′ is contained in a fiber of ϕ′, by Lemma 2.2, C′ is numerically
proportional to a line contained in a fiber of ϕ◦.
Now we assume that ϕ′(C′) = B is a curve. Let P1 → B be the normalization.
Denote by X′B the fiber product X
′ ×T′ P1 with induced morphism ν : X′B → X′.
Since p1 : X′B → P1 is a Pd-bundle and the Brauer group of P1 is trivial, there exists
a vector bundle V on P1 such that X′B = P(V ). Moreover, since ρ
∗F ∼= TX/T by
Claim 8.5 and since TX/T
∼= h∗TX′/T′ , we get
ρ∗F = h∗e∗F ∼= TX/T ∼= h∗TX′/T′ .
Hence e∗F ∼= TX′/T′ . In particular, it yields
ν∗e∗F ∼= TXB/P1 .
Then Theorem 5.2 shows that V is numerically projectively flat. As a consequence,
we obtain that X′B ∼= P1 ×Pd. Let p2 : X′B → Pd be the morphism induced by the
projection P1 ×Pd → Pd and f : X′B → X the composition of
X′B
ν−→ X′ e−→ X.
Since ν∗e∗F ∼= TXB/P1 is trivial on the fibers of p2 and since F is strictly nef,
the fibers of p2 are all contracted by f . Hence, by rigidity lemma, the morphism
f : X′B → X factors through p2. As a consequence, every point in B ⊆ T′ cor-
responds to the same cycle in X. This contradicts to the definition of Chow(X).
Hence C′ is always contracted by ϕ′, and we complete the proof of the claim. 
8.B.3. Proof of Theorem 8.2 in the case when F |F = TF. By Claim 8.6, there exists a
Mori contraction ϕ : X → T extending the fibration ϕ◦ : X◦ → T◦. By replacing
T with a common resolution of T′ and T, we have the following commutative
diagram:
X◦ X X′ X Z = P(E )
T◦ T T′ T X
ϕ◦ ϕ
e
ϕ′
h
ρ
ϕ
q
pi
γ
p=ϕ
By Claim 8.5, F →֒ TX induces an isomorphism G = q∗ρ∗F → TZ/X. By using
Theorem 5.2 and Theorem 1.7, we deduce that E is isomorphic to a projectively
flat vector bundle. Hence pi is isomorphic to a Pd-bundle structure given by a
representationpi1(X)→ PGLd+1(C). Since p : X → T has simply connected fibers,
we deduce that ϕ : X → T is also isomorphic to a flat Pd-bundle over T given by a
representation pi1(T)→ PGLd+1(C). We also note that T has only klt singularities.
Now one can derive the equidimensionality of ϕ from Proposition 7.3. 
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8.B.4. Proof of Theorem 8.1 in the case when F |F = TF. We maintain the notations
of Section 8.A. We first show the projective bundle structure on X. If F is a line
bundle, then we have a P1-bundle structure ϕ : X → T with F ∼= TX/T by [Dru04,
Corollaire]. Thus we may assume that r ≥ 2. By the corrsponding case in Theorem
8.2, there exists an equidimensional Mori contraction ϕ : X → T which is also the
MRC fibration of X. Since F is strictly nef of rank at least two, by Corollary 7.2, ϕ
is again a projective bundle.
Next we assume that dim T > 0. Since ϕ : X → T is a projective bundle struc-
ture between projective manifolds, we may identify T with T and X with X. Then
the fiber product X×T X can be identified with Z = P(E ). In particular, we have
the following commutative diagram:
X Z
T X
ϕ
q
pi
p=ϕ
We have seen F ∼= TX/T by Claim 8.5. Moreover, from the first step of Claim 8.5,
E is isomorphic to a projectively flat vector bundle. Therefore, Z is isomorphic to
a flat projective bundle over X, given by a representation of pi1(X) in PGLd+1(C).
Since X is a projective bundle over T, the fundamental group of X is canonically
isomorphic to that of T. Hence we get an induced flat projective bundle Q over T.
Let f : Z → Q be the natural projection. Then an irreducible C ⊂ Z is contracted
by q if and only if C is contracted by f . Thus, by rigidity lemma, one can easily
derive that X is isomorphic to Q as projective bundles over T. 
8.C. The case when F |F = OPd(1)⊕r. In this subsection, we study the case when
F |F ∼= OPd (1)⊕r. As in the previous subsection, the proof is subdivided into four
parts, given in Sections 8.C.1–8.C.4. We still follow the notations in Section 8.A.
8.C.1. Lifting the inclusion F →֒ TX to an inclusion ρ∗F →֒ TX/T .
Claim 8.7. Use notations as in Section 8.A and identify X◦ with X◦. Let E ◦ be the
restriction E |X◦ . Then there is a vector bundle M ◦ on X◦ such that
p∗1F ∼= p∗2M ◦ ⊗OP(E ◦)(1),
where p1 and p2 are the natural projection pi|Z◦ and q|Z◦ respectively. Furthermore, the
inclusion F |X◦ →֒ TX◦/T◦ induces a subbundle structure M ◦ →֒ (E ◦)∗.
Proof. By construction, we have Z◦ = P(E ◦). Since relative tangent bundles com-
mute with base change, there is an induced inclusion
p∗1F →֒ Tp2 ,
where Tp2 is the relative tangent bundle of p2. Moreover, for every fiber G of p2,
we have p∗1F |G ∼= OPd (1)⊕r. Thus there is a vector bundle M ◦ on X◦ such that
p∗1F ∼= p∗2M ◦ ⊗OP(E ◦)(1).
Furthermore, by Lemma 5.3, the inclusion F →֒ TX◦/T◦ induces an inclusion
M ◦ →֒ (E ◦)∗.
Next we show that M ◦ is a subbundle of (E ◦)∗. Let x be an arbitrary point
in X◦ and C a general complete intersection curve in X passing through x. We
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may choose C so that C ⊆ X◦. Let Y = P(E ◦|C). Then we have the following
commutative diagram.
Y = P(E ◦|C) Z◦ = P(E ◦) X◦ X
C X◦ T◦
p
p1
p2 ϕ
◦
Denote by f : Y → X the composition of the first row. Since C is in general posi-
tion, we still have an injective morphism f ∗F → TY/C. By applying Lemma 5.3
again, we see that the induced morphism M ◦|C → (E ◦)∗|C is still injective. Then
Theorem 5.2 implies that M ◦|C is a subbundle of (E ◦)∗|C. Since x is arbitrary, M ◦
is a subbundle of (E ◦)∗ 
Claim 8.8. The injection F →֒ TX induces an injection ρ∗F →֒ TX/T . Moreover, its
restriction on each fiber of ϕ is still injective.
Proof. Let G = q∗ρ∗F . As explained at the end of Section 8.A, we have the follow-
ing commutative diagram
X◦ X X Z = P(E )
T◦ T X
ϕ◦
ρ
ϕ
q
pi
p=ϕ
and an induced morphism (see (8.3) )
Φ : G → Tpi ⊗OZ(∑miE′i)
which does not vanish in codimension one. Alternatively, we have a morphism
G ⊗ pi∗OX(∑−miE′i)→ Tpi
on Z, which is nonzero in codimension one. We note that the restriction of G on
every fiber of pi is isomorphic to OPd(1)
⊕r (see Lemma 5.4). Hence
G ∼= pi∗M ⊗OP(E )(1)
for some vector bundle M on X. Thanks to Lemma 5.3, we obtain an injective
morphism
M ⊗OX(∑−miEi)→ E ∗
on X which is nonzero in codimension one. We denote by Q the saturation of
M ⊗OX(∑−miEi) in E ∗.
1st Step. Q is a numerically projectively flat vector bundle. By Claim 8.7, the injec-
tion F →֒ TX induces a subbundle structure M |X◦ →֒ E ∗|X◦ . Thus Q|X◦ = M |X◦
and there exists a Q-divisor δ supported in the ρ-exceptional locus such that
µ(M )− µ(Q) = δ.
Since G ∼= pi∗M ⊗OP(E )(1) is nef, so is its determinant
detG ∼= pi∗ detM ⊗OP(E )(r).
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In particular, E <µ(M )> is nef. Therefore, from the generically surjective mor-
phism E → Q∗, we know that the Q-twisted sheaf
Q
∗
<µ(M )>
is almost nef. By taking the first Chern class, we obtain that δ is pseudoeffective.
As δ is ρ-exceptional, it follows that δ is effective.
Next we show that δ = 0. Assume the opposite. By Lemma 2.1, there is a fam-
ily {Cγ}γ∈Γ of complete ρ-exceptional curves such that Cγ · δ < 0 for all γ ∈ Γ.
Since Q is locally free in codimension two and it is a subbundle of E ∗ in codimen-
sion one, we may choose a general element C′ in {Cγ}γ∈Γ such that Q is locally
free along C′ and the induced morphism E |C′ → Q∗|C′ is generically surjective.
This implies that Q∗<µ(M )> |C′ is an almost nef vector bundle. By taking the
determinant, we deduce that
C′ · δ = C′ · (µ(M )− µ(Q)) > 0,
which yields a contradiction. Hence δ = 0 and we have µ(M ) = µ(Q). In partic-
ular, as Q∗<µ(M )> is almost nef, by Theorem 1.6, Q∗ is actually a numerically
projectively flat vector bundle. So is Q by Lemma 4.3.
2nd Step. M is isomorphic to a projectively flat vector bundle. For simplicity, we will
argue up to isomorphisms. We may assume that Q is projectively flat by Theorem
1.7. Since
G |Z◦ ∼= (pi∗Q ⊗OP(E )(1))|Z◦ ,
we see that G |Z◦ = (q∗ρ∗F )|Z◦ is projectively flat. Then ρ∗F |X◦ is projectively
flat by Lemma 4.14. Therefore, F |X◦ is projectively flat. By Lemma 4.13, we
obtain that F itself is projectively flat. Hence G is projective flat and so is M by
Lemma 4.14.
3rd Step. mi 6 0 for all i. Assume the opposite. By Lemma 2.1, there is a
family {Cγ}γ∈Γ of complete ρ-exceptional curves such that Cγ ·∑ miEi < 0 for all
γ ∈ Γ. Let C′ be a general member of these curves. Since M is isomorphic to
a projectively flat vector bundle, P(M ) is isomorphic to a flat projective bundle.
Now applying Lemma 4.15 to p : X → T and P(M ) → X shows that there is a
smooth curve C, finite over C′, such that η∗M ∼= L ⊕r for some line bundle L on
C, where η : C → X is the natural morphism. Since E → M ∗ ⊗OX(∑ miEi) does
not vanish in codimension one, by general choice of C′, we may assume that the
morphism
η∗E → η∗(M ∗ ⊗OX(∑miEi))
is not identically zero. Hence we obtain a generically surjective morphism
η∗E → L ∗ ⊗ η∗OX(∑miEi).
Since the Q-twisted sheaf E < µ(M ) > is nef, it follows that η∗E ⊗ L is nef.
Thus η∗OX(∑miEi) is pseudoeffective on C. This contradicts to the fact that
C′ · ∑ miEi < 0. As a consequence, we have induced morphisms ρ∗F → TX/T
and M →֒ E ∗.
4th Step. The restriction of ρ∗F → TX/T on any fiber of ϕ is still injective. By
Theorem 5.2, we see thatM →֒ E ∗ is a subbundle. The statement then follows. 
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8.C.2. Regularity of the MRC fibration. Similarly to the case when F |F ∼= TF, we
prove the following claim.
Claim 8.9. Let C ⊆ X be a rational curve. Then C is numerically proportional to a line
contained in a fiber of ϕ◦.
Proof. By Lemma 2.3, there exists a complete rational curve C′ ⊆ X which is bira-
tional to C. As in the proof of Claim 8.6, it is enough to consider the case when C′
is not contracted by ϕ.
Assume that B = ϕ(C′) is a curve. Then B is a rational curve. Consider the nor-
malization P1 → B. Let XB = X×T P1 and p1 : XB → P1 the natural projection.
X◦ X X XB ∼= P(V ) Y
T◦ T P1
ϕ◦
ρ
ϕ p1
ν
f
g
Since p1 : XB → P1 is a Pd-bundle and the Brauer group of P1 is trivial, there
exists a vector bundle V such that XB ∼= P(V ). Let F = ρ∗F . Then there is an
induced injective morphism ν∗F → Tp1 by Claim 8.8. By Theorem 5.2, there exists
a numerically projectively flat subbundle N →֒ V ∗ such that
ν∗F ∼= p∗1N ⊗OP(V )(1).
We remark that N ∼= L ⊕r for some line bundle L on P1. Hence, by replacing V
with V ⊗L ∗, we may assume that N ∼= O⊕r
P1
. The nefness of ν∗F then implies
that V is nef. In particular, there exist integers ai > 0 with i = 1, ..., d+ 1− r such
that
V ∼= N ∗ ⊕
d+1−r⊕
i=1
OP1(ai) ∼= O⊕rP1 ⊕
d+1−r⊕
i=1
OP1(ai).
Note that OP(V )(1) is globally generated. Let g : P(V )→ Y be the Iitaka fibration
induced by OP(V )(1). Then g does not contract any curves contained in the fibers
of p1.
Consider a complete curve B′′ ⊆ P(V ) contracted by g : P(V ) → Y. Then
OP(V )(1)|B′′ is trivial. As f ∗F ∼= OP(V )(1)⊕r, it follows that ( f ∗F )|B′′ is trivial. In
particular, since F is strictly nef, it follows that B′′ is contracted by the composi-
tion
f : P(V ) ∼= XB ν−→ X ρ−→ X.
By rigidity lemma, the morphism f : P(V )→ X factors through g : P(V )→ Y.
Let C′′ ⊆ P(V ) be the curve corresponding to ν−1(C′) ⊆ XB. Then C′′ is not
contracted by g as f (C′′) = C is again a curve. Let l be a line contained in a general
fiber of p1, C˜ = g(C′′) and l˜ = g(l). Note that Y has Picard number 1, thus C˜ and l˜
are numerically proportional in Y. Since f factorizes through g, by Lemma 2.2, we
conclude that f (l) is numerically proportional to f (C′′) = C in X. 
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8.C.3. Proof of Theorem 8.2 in the case when F |F = OPd(1)⊕r. If F is a line bundle,
by [Dru04, Corollaire], X is isomorphic to Pn. Thus we may assume that r > 2.
By Claim 8.9, there exists a Mori contraction ϕ : X → T extending the fibration
ϕ◦ : X◦ → T◦. By replacing T with a common resolution of T′ and T, we have the
following commutative diagram:
X◦ X X′ X Z
T◦ T T′ T X
ϕ◦ ϕ
e
ϕ′
h
ρ
ϕ
q
pi
γ
p=ϕ
By Claim 8.8, there is an injective morphism ρ∗F → TX/T . This induces an injec-
tive morphism G = q∗ρ∗F → Tpi.
By Theorem 5.2, there exists a numerically projectively flat subbundle M of E ∗
such that G ∼= pi∗M ⊗OP(E )(1). Denote by piM : M→ X the Pr−1-bundle P(M ∗).
Then, by Theorem 1.7, M → X is isomorphic to a flat projective bundle given by
a representation pi1(X) → PGLr(C). Moreover, note that G |M is isomorphic to
pi∗MM ⊗OP(M ∗)(1) and the relative Euler sequence of P(M ∗) induces a surjection
G |M → TM/X. Let P = (ρ ◦ q)(M) ⊆ X. According to Proposition 5.7, over T◦, P
is a Pr−1-bundle. In particular, the general fiber of P → T is isomorphic to Pr−1.
Let n : P′ → P be the normalization. Then we have a commutative diagram
M P′
X T.
piM
ρ′
Note that T has only Q-factorial klt singularities and n∗F is strictly nef with a
surjection
ρ′∗n∗F ∼= q∗ρ∗F |M → TM/X,
thus we can apply Proposition 7.3 to conclude that P′ → T is equidimensional.
Since P′ → P is finite, P → T is again equidimensional. In particular, by Proposi-
tion 7.1, all the fibers of P→ T are irreducible and generically reduced.
Let t ∈ T and Ft an irreducible component of the fiber of ϕ : X → T over t.
Then there exists an irreducible component B of (γ ◦ p)−1(t) such that the induced
morphism
Z×X B→ X
is onto Ft. In particular, Ft contains the fiber of P → T over t. Then Corollary 7.5
shows that ϕ : X → T is equidimensional. 
8.C.4. Proof of Theorem 8.1 in the case when F |F = OPd (1)⊕r. We still use the nota-
tions of Section 8.A. If F is a line bundle, by [Dru04, Corollaire], X is isomorphic
to Pn and we are done. Thus we may assume that r ≥ 2. Then Corollary 7.2 shows
that ϕ : X → T is a projective bundle between projective manifolds.
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Next we assume that dim T > 0. Then we must have r ≥ 2. Moreover, We may
identify T with T and X with X. In particular, Z = P(E ) is isomorphic to the fiber
product X×T X and satisfies the following commutative diagram.
X Z
T X.
ϕ
q
pi
p=ϕ
Let G = q∗F . As explained in Section 8.C.3, there exists a numerically projec-
tively flat subbundle M of E ∗ such that G ∼= pi∗M ⊗ OP(E )(1). In particular, G
is numerically projectively flat and so is F . Moreover, set M = P(M ∗) and let
piM : M → X be the natural projection. Then we have a surjection G |M → TM/X
and M → X is isomorphic to a flat projective bundle given by a representation of
pi1(X) in PGLr(C). As X → T is a Pd-bundle, pi1(X) is isomorphic to pi1(T). Such
a representation of pi1(X) induces a flat Pr−1-bundle Q → T with the following
commutative diagram
Q M
T X.
f
p=ϕ
Let P = q(M). By Proposition 5.7, we see that P → T is a Pr−1-bundle. On the
other hand, it is easy to see that an irreducible curve C ⊂ M is contracted by q if
and only if it is contracted by f . Therefore, by rigidity lemma, P is isomorphic to
Q as projective bundles over T. In particular, the pushforward of the surjection
G |M → TM/X induces a surjection F |Q → TQ/T. 
9. PROOF OF THE HYPERBOLICITY
In this section, we finish the proofs of Theorem 1.3, Theorem 1.4 and Corollary
1.5. A projective manifold Y is called Brody hyperbolic if every holomorphic map
f : C → Y is constant. SinceY is assumed to be compact, the Brody hyperbolicity is
equivalent to the Kobayashi hyperbolicity. The following lemma is an application
of [Yam10, Theorem 1.1], which reveals the relationships between fundamental
groups and degeneracy of entire curves.
Lemma 9.1. Let Z be a projective variety. If there exists a subgroup G ⊆ pi1(Z) of finite
index such that it admits a linear representation whose image is not virtually abelian, then
every holomorphic map f : C → Z is degenerate, i.e. f (C) is not Zariski dense in Z.
Proof. By taking a finite étale cover, it is enough to prove the casewhen G = pi1(Z).
Assume that there exists a holomorphic map f : C → Z which is non-degenerate.
Let Z → Z be a desingularization. Then f lifts to a holomorphic map f : C → Z.
Since there is a surjective morphism pi1(Z) → pi1(Z), we concluded that pi1(Z)
also admits a linear representation whose image is not virtually abelian. By
[Yam10, Theorem 1.1], f is degenerate and so is f . This is a contradiction. 
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In order to deduce the hyperbolicity in Theorem 1.3 from Lemma 9.1, we need
some preparatory results.
Lemma 9.2. Let Z be a positive dimensional projective variety. Assume that G is a flat
vector bundle given by a linear representation ρ : pi1(Z) → GLr(C). If the image of ρ is
virtually abelian, then G is not strictly nef.
Proof. Up to finite étale cover, we may assume that the image of ρ is abelian. Then
the image ρ(pi1(Z)) can be simultaneously triangulated. Hence there is a quotient
morphism of flat vector bundles G → L such that L is a line bundle. Such a
quotient induces a section σ : Z → P(G ). Moreover, σ∗OP(G )(1) ∼= L . Since a flat
line bundle is never strictly nef, this contradicts to the strict nefness of G . 
The following result is a consequence of the Borel fixed-point theorem.
Proposition 9.3. Let G be a finitely generated virtually abelian subgroup of PGLd+1(C).
Then there exists a subgroup G′ ⊆ G of finite index such that the natural action of G′ on
Pd has a fixed point.
Proof. Since G is virtually abelian, there exists a finite index subgroup G′ of G
such that G′ is abelian. Let G′ be the Zariski closure of G′ in PGLd+1(C). Since
G′ is finitely generated and PGLd+1(C) is a linear algebraic group, G′ is abelian.
By replacing G′ with some subgroup of finite index if necessary, we can assume
further that G′ is connected. Therefore, by Borel fixed-point theorem, the action of
G′ on Pd has a fixed point. 
We obtain the following result from Lemma 9.2 and Proposition 9.3.
Proposition 9.4. Let Z be a positive dimensional projective variety and P → Z a flat
Pd-bundle given by a representation ρ : pi1(Z) → PGLd+1(C). Assume that the relative
tangent bundle TP/Z is strictly nef. Then the image ρ(pi1(Z)) is infinite. Moreover, there
exists a subgroup G ⊆ pi1(Z) of finite index such that it admits a linear representation
whose image is not virtually abelian.
Proof. Arguing by contraction, we assume that the image ρ(pi1(Z)) is finite. Then,
after replacing Z by a finite étale cover, the flat Pd-bundle P→ Z is isomorphic to
Z×Pd. This contradicts to the strict nefness of TP/Z.
Next, if the image of ρ(pi1(Z)) is not virtually abelian, then we are done. Oth-
erwise, if ρ(pi1(Z)) is virtually abelian, we shall construct some G ⊆ pi1(Z) as
required. Indeed, by Proposition 9.3, there is a subgroup G′ of G of finite index
such that the natural action of G′ on Pd has a fixed point. Let Γ ⊆ pi1(Z) be the
preimage ρ−1(G′). Then, by replacing Z with the finite étale cover induced by
Γ ⊆ pi1(Z), we may assume that the natural action of G on Pd has a fixed point p.
We remark that P = (Pd × Z˜)/pi1(Z) where Z˜ is the universal cover of Z, and
the action of pi1(Z) is defined as
g.(x, z) = (ρ(g)(x), g · z)
for every g ∈ pi1(Z). LetW = ({p}× Z˜)/pi1(Z). ThenW ∼= Z and there is a closed
embeddingW →֒ P. We note that, the restriction TP/Z|W is just equal to the bundle
(TPd,p × Z˜)/pi1(Z), where the action of pi1(Z) on TPd,p is the differentiation of the
action of pi1(Z) on Pd at p. Consequently, TP/Z|W is a flat vector bundle on W. It
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is strictly nef as well. This implies that the representation of pi1(Z) corresponding
to TP/Z|W is not virtually abelian by Lemma 9.2, and we are done. 
As an application, one can derive the following corollary.
Corollary 9.5. Under the assumption of Theorem 1.3, let ϕ : X → T be the Pd-bundle
structure provided in Theorem 8.1. If Z is a subvariety of T with dimZ > 0, then there
exists a finite index subgroup of pi1(Z) admitting a linear representation whose image is
not virtually abelian. In particular, every holomorphic map f : C → Z is degenerate.
Proof. By Theorem 8.1, there is always a flat projective bundle Q over T such that
the relative tangent bundle TQ/T is strictly nef. Hence, P = Q×T Z is a flat projec-
tive bundle over Z. Furthermore, the relative tangent bundle TP/Z is strictly nef as
well. Therefore, by Proposition 9.4, some subgroup of pi1(Z) of finite index admits
a linear representation whose image is not virtually abelian. By Lemma 9.1, every
holomorphic map f : C → Z is degenerate. 
Proof of Theorem 1.3. Thanks to Theorem 8.1, we only need to prove the hyperbol-
icity of T. Let f : C → T be a holomorphic map. Assume by contradiction that f is
not a constant map. Let Z be the Zariski closure of f (C). Then dimZ > 0 and the
induced map C → Z is non degenerate. This contradicts to Corollary 9.5. 
Proof of Theorem 1.4. By Theorem 1.3, there is a Pd-bundle structure ϕ : X → T. In
particular, pi1(T) is virtually abelian. By Corollary 9.5, we deduce that dim T = 0
and consequently X is isomorphic to Pn. 
Proof of Corollary 1.5. Since X is not isomorphic to Pn, by Theorem 1.3 and Theo-
rem 8.1, there is a flat projective bundle Q → T such that dim T > 0 and TQ/T
is strictly nef. Hence by Proposition 9.4, there is a linear representation of pi1(T)
with infinite image. Since pi1(X) ∼= pi1(T), we obtain the existence of nonzero
symmetric differentials on X by using [BKT13, Theorem 0.1]. 
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